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Vector Space

Definition

» Aset 9of vectorsis calleda Vector Spaceif :

@ 0cJ
@ xyecd=x+yed

©® xc9=VkeR kxe 9

» Allother properties of aVector Space canbe trivially derived
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Vector Space

Vectors in R

Avectorx e R"isof formx=| . |,wherek;,k, K,..k €R
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Vector Space
Vectors in M _(*R)

>» M (*R)isthesetof allmxnmatrices withrealelements

mxn

» M (R) formsaVector Spacebecause::

mxn

@ Omxn < men (m)
@ men ! ymxn < men (9:{) : men + ymxn < men (ER)
@ x. .. sM. . (R)=>VkeRkx, . eM_ (R)

mxn mxn (
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Basis

Intuition

» Basis of aVector Spaceisusedtodefinea coordinate system
» Basis of aVector Space allows representationinR"

» Basisisasetconsisting of certain vectorsinthe Vector Space
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Basis

Example

_ Kiy Ky :
> Let A= o |S M, ,(*R) bea2x2matrix

21 22

1 0{{0 1{/0 O[]0 O _
> Let = , , , be our basis
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Basis

Example

K, Kk 1 0 0 1 0 0 0 0
» A=| T P l=k, +ky, +k,, +K,,

K,, Kk, 0 O 0 O 1 0 0 1

_kll_

. k12 . . . 4
» Ay = y is a representation of A in R

21
Kaz

8 Calculating Complex Derivatives « «J» »



Linear Transformation

Definition

» An operation on a Vector that can be represented as
multiplication with a matrix is called a Linear Transformation

Original Vector Rotated Vector Resized Vector

9 Calculating Complex Derivatives « «J» »



Sine, Cosine Pair

Properties

» asin(kx)+bcos(kx) formsaVector Space 9

» [ ={sin(kx), cos(kx)}is a Basis for 9

vy e §,y =asin(kx) +bcos(kx) =y , = m

B

in R?
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Sine, Cosine Pair

Derivative as a Linear Transformation

a
> Vy e 4,y =asin(kx)+bcos(kx) =y, :{b} in R’
p

ak
» v =ak cos(kx) —bk cos(kx) =y s :{ bk} in R
g

» Differentiating y = asin(kx) +bcos(kx)is a

Linear Transformation because:
N e N P Y
? b, "Tlo —k [’
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Sine, Cosine Pair

Derivative as a Linear Transformation

By repeatedly differentiating,

1 m
o |k O m K 0
Y 7B = 0 —k yﬂ:>y p = 0 —k yﬂ
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Fourier Series

Derivative as a Linear Transformation

» Using Fourier Series, any function f(X) that satisfies

Dirchtlet's Conditions can be expressed as:

£(x) = %+i(an cos(nax) +b,_sin(nex))

> Let,
S, ={cos(nwx),sin(nwx)}
y. =a, cos(nwX)+b, sin(nwx)

n

an : 2
Thus,yn’ﬁ =l In R
P
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Fourier Series

Derivative as a Linear Transformation

» Forsimplicity,ignore functions witha, # 0

f(x) =Y (a, cos(nex) +b, sin(nex))

0=V, = Zm
n=1 S

n=1 n

» Calculatingm™ derivative of f ;(x) as a

Linear Transformation:

(m) & he o " a,
I RN

n
n
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Fourier Series

Derivative as a Linear Transformation

» Thus,itispossible tocalculate m" derivative of f ;(x) using:
= new 0 |'a
f™s(x) = !
ﬂ( ) ;|: 0 _naj |:bn}ﬁ

» Whathappens whenwechoose m tobea

n

fraction,or an Imaginary Number?

F5(x), % 5(x), T 5(x)...
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Fourier Series

Square Wave

» Square Wave can be represented as:

f;(x) :i{l?} ,whereb_ :{2(1_(_1)”}

Nz

Bn
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Fourier Series
Derivative with m=-1

(-1) pnr
7 5(X) = Z{ pnr

(04
where,
- {2(1—(-1)“)}
N
1
=0,08=—
“= O oy
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Fourier Series
Derivative with m = -1
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Fourier Series
Derivative with m=-0.5

(~0.5) N 04 pnz | 0
BCE aLL

n
n

where,
h - {2(1—(—1)“)}
N7
1 1
“- 2N "6)__\/§(n7z)3/2
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Fourier Series
Derivative with m =-0.5

Ay
N
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Fourier Series
Derivative with M= J = J-1

n

(0 R o ol O
f ﬂ(x)_;{—ﬂnﬂ o L L

n

where,

h - {2(1—(-1)“)}

N7

a = (nr)’ cos(% jj,,B = (nn)jlsin(% jj
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Fourier Series
Derivative with M= J = J-1

> Re(f 5 (x)) > Im(f 5 (x))

\ //1 ﬂ ‘\ | 1 \ \ :\ \ »
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Fourier Series

Derivative with m = —x*

) o ol O
=3 QLL

where,

h - {2(1—(-1)“)}

N7

n

a=(nw)” cos(;z j,B —(nm)™ sin(%xlj
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Fourier Series

Derivative with m = —x*

Derivative
C : O
m=—x"
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Summary

» Derivative of asin(kx)+bcos(kx) is a Linear Transformation

» Derivative Matrix of asin(kx)+bcos(kx) allows calculation of
complex derivatives

» We can sometimes calculate complex derivatives of certain
functions using their Fourier Expansion

Questions?
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