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Part I

Electrostatics
1 Coulomb’s Law

Law 1 (Coulomb’s Law). The force between two charged particles is directly
proportional to the product of the charges of the particles, and inversely
proportional to the square of the distance between them.

F ∝ q1q2

r2

F = k
q1q2

r2

= 1
4πε0

· q1q2

r2

The constant of proportionality is k = 8.99× 109N m2 C−2.
ε0 = 8.8541878162× 10−12C2 N−1 m−2 is called the permittivity of free space.
In vector notation,

−→
F21 = 1

4πε0

q1q2

r122 r̂12

Charge is defined according to this law.

Exercise 1.
A charge q is placed at the origin. A charge −2q is placed at 1 m from it, in
the x direction. Find a point on the y-axis where the total force acting on a
charge q′ will be parallel to the x-axis.
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Solution 1.

q −2q

q′

F1

F2

For the net force to be in the x direction, the components of F1 and F2 in
the y direction must cancel each other out.

F1 = F2 sin θ

∴ ��k ·
(��q′)(−2�q)
y2 + 1 · y√

y2 + 1
= ��k ·

(�q)(��q′)
y2

∴
−2y

(y2 + 1)3/2
= 1
y2

∴ y = ±
√

1
22/3 − 1

Exercise 2.
A rod of length L has a uniformly distributed charge Q, with line charge
density λ = Q

L
. A point charge q is kept at a distance x as shown.

qL

L

2
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Solution 2.

q

r =
√
x2 + y2

dFx

y

dy

The y components of the forces of the elemental charges at y and −y on q
are cancelled out. Therefore, the net force is in the x direction only.

dF = k
(dQ)(q)
r2

dFx = dF cos θ

= k
(dQ)(q)
r2 cos θ

= k
(λ dy)(q)
x2 + y2

x√
x2 + y2

= kλqx
dy

(x2 + y2)3/2

∴
−→
F = x̂

ˆ
dFx

= k̂λqx

L/2ˆ

−L/2

dy
(x2 + y2)3/2

Substituting y = x tan θ and dy = x sec2 θ dθ

−→
F = x̂λqkx

θ0ˆ

−θ0

1
x2 cos θ dθ

= x̂
λqk

x

θ0ˆ

−θ0

cos θ dθ
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Therefore,

−→
F = x̂

2λqk
x

sin θ0

= x̂
2λqk
x

L

2(L
2

)2

+ x2

1/2

= x̂

2
(
Q

L

)
qk

x
·

L

2(L
2

)2

+ x2

1/2

= k
Qq

x

(L
2

)2

+ x2

1/2
x̂

Exercise 3.
A point charge q is kept at a distance z above a ring of radius R charged with
Q = 2πRλ, where λ is the linear charge density. Find the force acting on q.

Solution 3.

q

√
z2 +R2
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Due to the symmetry of the ring, the net force acting on q is in the z direction
only.

dFz = dF cos θ

= k
(dQ)(q)
z2 +R2 cos θ

= k
(dQ)(q)
z2 +R2

z√
z2 +R2

= kqz
dQ

(z2 +R2)3/2

∴
−→
F = ẑ

ˆ
dFz

= ẑkqz
1

(z2 +R2)3/2

Q̂

0

dQ

= k
Qqz

(z2 +R2)3/2
−→z

Exercise 4.
A point charge q is kept at a distance z above a disk of radius R charged with
Q = πR2σ, where σ is the surface charge density. Find the force acting on q.

Solution 4.
The disk can be considered to be made up of elemental rings, with radii
varying from 0 to R.
Therefore,

d−→F = k
qQring

(z2 +R2)3/2
ẑ

= k
q(σ · 2πr · dr)
(z2 +R2)3/2

zẑ

Hence,
−→
F =

ˆ
d−→F

= ẑ

R̂

0

k
qσ · 2πrz · dr
(z2 +R2)3/2

= 2kzqσπ
(

1
|z|
− 1√

z2 +R2

)
ẑ
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If z << R, i.e. for an infinite sheet,

F = 2qσπk

2 Electric Field
Definition 1 (Electric field). The electric field at a point in space is the
electric force felt by a charge of 1 C had it been kept there.

2.1 Standard Electric Fields

Line of charge 1
4πε0

λL

r

√
r2 + L2

4
Infinite line of charge λ

2πε0r

Ring of charge λRz

2ε0 (z2 +R2)3/2

Infinite plane of charge σ

2ε0

2.2 Capacitors
A parallel plate capacitor is constructed by arranging two infinite plates with
surface charge density σ and −σ respectively.

σ

−σ

The electric field due to the plates are as shown. Therefore, the fields
between the plates add up and the fields outside the plates cancel out.
Therefore, the net field inside the capacitor is

σ

2ε0
+ σ

2ε0
= σ

ε0
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3 Electric Dipoles

Definition 2 (Electric dipole). Two charges, q and −q, separated by a
distance d is called an electric dipole.

−→
d−q q

Definition 3 (Dipole moment). If two charges q and −q are separated by a
distance d, the dipole moment is defined as

−→
P

.= q ·
−→
d

where −→d is the vector of length d pointing from −q to q.

3.1 Electric Field Due to Electric Dipoles

3.1.1 Electric Field

x

z

d

2

d

2

√
d2

4 + z2

√
d2

4 + z2

θ
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−→
F = 2E+ cos θ(−ẑ)

= 2 · 1
4πε0

q(
d

2

)2

+ x2

·

d

2(d
2

)2

+ x2

1/2
(−ẑ)

= − 1
4πε0

−→
P(d

2

)2

+ x2

3/2

4 Gauss’ Law
Definition 4 (Electric flux). Electric flux is defined as the dot product of
the electric field passing through a surface, and the area vector of the surface.

Φ = −→E · −→A

where the magnitude of the area vector is proportional to the area of the
surface and the direction is perpendicular to the surface.

This can be modelled as water passing through a surface.

A cos θ
v

v

v θ

The flux of the water passing through the area A is Av cos θ.

Law 2 (Gauss’ Law).
‹ −→

E ·
−→dA = Qinside

ε0
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Exercise 5.
A hollow sphere of radius R has surface charge density σ. Find the field at a
point at distance r from the centre of the sphere.

Solution 5.
Consider the imaginary Gaussian surface as a sphere with radius r.

R

r

Using Gauss’ Law over the Gaussian surface,
‹ −→

E ·
−→dA = Qtotal

ε0

∴
‹

E dA = Qtotal

ε0

∴ E

‹
dA = Qtotal

ε0

∴ E · 4πr2 = Qtotal

ε0

∴
−→
E = 1

4πε0

Qtotal

r2 r̂
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Similarly for r < R, E = 0.

5 Electric Potential
Definition 5 (Electrical Potential). The electric potential due to a point
charge q is

ϕ
(−→r ) = 1

4πε0

q

r
+ c

If a charge q in moved from point A to B,

WA→B =

−→rBˆ
−→rA

−→
E · d−→r

=
rBˆ
rA

1
4πε0

q

r2 dr

= − 1
4πε0

q

r

∣∣∣∣∣
rB

rA

= 1
4πε0

q

rA
− 1

4πε0

q

rB

Therefore,

WA→B = ϕ
(−→rA)− ϕ (−→rB)

∴ ϕ
(−→rB −−→rA) = −

−→rBˆ
−→rA

−→
E · d−→r

Exercise 6.
An electric dipole with charges q and −q is placed on the z-axis with distance
d between the charges. Find the field at a general point in space. Find points
at which the electric potential is zero.
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Solution 6.

y

z

r

r+

r−

q

−q

Let the electric potential at infinity be zero.

ϕ
(−→r ) = 1

4πε0

(
q

r+
+ −q
r−

)

= 1
4πε0

q(r− − r+)
r− · r+

Therefore, the potential is zero only if r+ = r−. Therefore, for all points on
the xy-plane, the potential is zero.

Exercise 7.
Find the electric potential at a point at distance r on the equator of a line of
charge of length L and uniform line charge density λ.

Solution 7.
Consider an elemental charge dq with length dz at a distance z from the
centre of the line.

dq = λ dz
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Therefore,

ϕ(r) =
ˆ 1

4πε0

q√
z2 + r2

=

L/2ˆ

−L/2

1
4πε0

λ dz√
z2 + r2

= λ

4πε0
ln
√L2 + 4r2 + L√

L2 + 4r2 − L



Exercise 8.
Find the electric potential due to an infinite line of charge.

Solution 8.
For an infinite line of charge, the charge at infinity is not zero. Therefore, it
is wrong to assume that the electric potential at infinity is zero. Therefore,
the result for a finite line of charge cannot be used to find the potential due
to an infinite line of charge.
Therefore, the potential needs to be calculated using the electric field.

ϕ(r)− ϕ(r0) = −
rˆ

r0

−→
E · d−→r

= −
rˆ

r0

E dr

= −
rˆ

r0

λ

2πε0r
dr

= − λ

2πε0
ln r

∣∣∣∣∣
r

r0

= λ

2πε0
(ln r0 − ln r)

∴ ϕ(r) = ϕ(r0) + λ

2πε0
(ln r0 − ln r)
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Exercise 9.

Find the electric potential due to a hollow sphere with surface charge density
σ and radius R.

Solution 9.

Let the electric potential at infinity be zero.

−→
E =


0 ; r < R

1
4πε0

q

r2 ; r > R

Therefore, if r > R,

ϕ(r)−��
��*

0
ϕ(∞) = −

rˆ
∞

−→
E · d−→r

=
∞̂

r

E dr

=
∞̂

r

1
4πε0

q

r2 dr

= − 1
4πε0

q

r2

∣∣∣∣∣
∞

r

∴ ϕ(r) = 1
4πε0

q

r
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If r < R,

ϕ(r)− ϕ(R) =
rˆ

R

−→
E · d−→r

=
rˆ

R

E dr

=
rˆ

R

0 dr

∴ ϕ(r) = ϕ(R)

= 1
4πε0

q

R

Therefore, the potential is constant.
Therefore,

ϕ =


1

4πε0

q

R
; r ≤ R

1
4πε0

q

r
; r ≥ R

Exercise 10.
Find the electric potential due a ring of charge with radius R and charge q,
at a distance z from its centre, on its axis of symmetry.

Solution 10.
Let the electric potential at infinity be zero.

ϕring =
ˆ 1

4πε0

dq
r

=
qˆ

0

1
4πε0

dq√
R2 + z2

= 1
4πε0

1√
R2 + z2
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Exercise 11.
Find the electric potential due a disk of charge with radius R and charge q,
at a distance z from its centre, on its axis of symmetry.

Solution 11.
Let the electric potential at infinity be zero.

Consider an elemental ring of thickness dr and radius r. Therefore,

ϕdisk =
ˆ

dϕring

=
ˆ 1

4πε0

dqring√
r2 + z2

=
R̂

0

1
4πε0

2πr drσ√
r2 + z2

= σ

2ε
(√

R2 + z2 − |z|
)

6 Electrical Potential Energy
Exercise 12.
Three charges, q, −4q, 2q are placed on the vertices of an equilateral triangle
of side a. Find the energy in the system.

Solution 12.

q 2q

−4q

a

aa

The energy in the system is the amount of energy required to build the system
by bringing each of the charges from infinity to its position, one by one.
Let the positions of q, 2q and −4q be A, B and C respectively.
The energy required to bring the first charge, q, from infinity to A is zero, as
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there are no forces acting on it.
The energy required to bring the second charge, 2q, from infinity to B is

U2q = −

−→rBˆ
∞

−→
F · d−→r

= −

−→rBˆ
∞

(2q) · −→E · d−→r

= −(2q)

−→rBˆ
∞

−→
E · d−→r

= (2q)
(
ϕ(B)− ϕ(∞)

)
= (2q) · ϕ(B)

where ϕ(B) is potential at point B due to the existing charges, i.e. q. Similarly,
the energy required to bring the third charge, −4q, from infinity to C is
(−4q) · ϕ(C), where ϕ(C) is the potential at point C due to the existing
charges, i.e. q and 2q.
Therefore, the total energy required is

U = (0) + (2q)
(

1
4πε0

q

a2

)
+ (−4q)

(
1

4πε0

q

a2 + 1
4πε0

2q
a2

)

Exercise 13.
Find the potential energy in a solid sphere of charge, with charge density ρ
and radius R.

Solution 13.
Consider a solid sphere of charge with ρ and r. Consider an elemental shell
of thickness dr on this sphere.
Therefore,

dV = 4πr2 dr
∴ dq = ρ · dV

= 4πρr2 dr
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Therefore,

dU = 1
4πε0

qinside

r
dq

= 1
4πε0

4
3πr

3ρ

r
· 4πr2 drρ

∴ U =
R̂

0

4πρ2

3ε0
r4 dr

= 4πρ2R5

15ε0

7 Differential Form of Gauss’ Law
Law 3 (Differential Form of Gauss’ Law).

d−→E = −→∇ · −→E = ρ

ε0

Proof. The volume of the elemental body used for integration is denoted by
d3 r.
For Cartesian coordinate systems, d3 r = dx dy dz.
For cylindrical coordinate systems, d3 r = r dθ dϕ dz.
For spherical coordinate systems, d3 r = r2 sin θ dr dθ dϕ.

¨

∂V

−→
E · d−→A = 1

ε0
Qinside

= 1
ε0

˚

V

ρ d3 r

If a body with volume V and surface area S is cut into two parts, with
volumes V1 and V2 and surface area S1 and S2 respectively,

V = V1 + V2

However, the surface area increases,

S = S1 + S2 + 2A 6= S1 + S2
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where A is the area of the new surface created due to the cut.
Therefore,

¨

S1

−→
E · d−→A +

¨

S2

−→
E · d−→A =

¨

∂V

−→
E · d−→A

Consider a small cuboid of sides dx, dy, dz. Let the vertex of the cube,
nearest to the origin be (x, y, z).
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Therefore,

Φ = Ez

(
x+ dx

2 , y + dy
2 , z + dz

)
dx dy

− Ez
(
x+ dx

2 , y + dy
2 , z

)
dx dy

+ Ey

(
x+ dx

2 , y + dy, z + dz
2

)
dx dz

− Ey
(
x+ dx

2 , y, z + dz
2

)
dx dz

+ Ex

(
x+ dx, y + dy

2 , z + dz
2

)
dy dz

− Ex
(
x, y + dy

2 , z + dz
2

)
dy dz

=
Ez

(
x+ dx

2 , y + dy
2 , z + dz

)
− Ez

(
x+ dx

2 , y + dy
2 , z

)
dz dx dy

+
Ey

(
x+ dx

2 , y + dy, z + dz
2

)
− Ey

(
x+ dx

2 , y, z + dz
2

)
dy dx dz

+
Ex

(
x+ dx, y + dy

2 , z + dz
2

)
− Ex

(
x, y + dy

2 , z + dz
2

)
dx dy dz

=

 ∂Ex
∂x

∣∣∣∣∣(x+ dx
2 ,y+ dy

2 ,z)

+ ∂Ey
∂y

∣∣∣∣∣(x+ dx
2 ,y,z+ dz

2 )

+ ∂Ez
∂z

∣∣∣∣∣(x+ dx
2 ,y+ dy

2 ,z)

 dx dy dz
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Therefore

div−→E = lim
dx→0,dy→0,dz→0

Φ
dx dy dz

=
(
∂Ex
∂x

+ ∂Ey
∂y

+ ∂Ez
∂z

)∣∣∣∣∣∣
(x,y,z)

= −→∇ · −→E

Therefore,

−→
∇ ·
−→
E = ρ

ε0

8 Poisson Equation

Law 4 (Poisson Equation).

∆ϕ = ∇2ϕ = − ρ

ε0

Proof.

−→
E = −−→∇ϕ

∴ div−→E = −→∇ ·
(
−
−→
∇ϕ

)
= −

(
∂2ϕ

∂x2 + ∂2ϕ

∂y2 + ∂2ϕ

∂x2

)
= −∇2ϕ

= −∆ϕ

∴ ∆ϕ = − ρ

ε0

Definition 6 (Laplacian). ∇2 is called the Laplacian.
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9 Vector Analyses in Cylindrical and Spheri-
cal Coordinate Systems

9.1 Cylindrical Coordinates

−→
∇f = ∂f

∂r
r̂ + 1

r

∂f

∂θ
θ̂ + ∂f

∂z
ẑ

−→
∇ ·
−→
F = 1

r

∂

∂r
(rFr) + 1

r

∂Fθ
∂θ

+ ∂Fz
∂z

−→
∇ ×

−→
F =

(
1
r

∂Fz
∂θ
− ∂Fθ

∂z

)
r̂ +

(
∂Fr
∂z
− ∂Fz

∂r

)
θ̂ + 1

r

(
∂

∂r
(rFθ)−

∂Fr
∂θ

)
ẑ

∇2f = 1
r

∂

∂r

(
r
∂f

∂r

)
+ 1
r2
∂2f

∂θ2 + ∂2f

∂z2

9.2 Spherical Coordinates

−→
∇f = ∂f

∂r
r̂ + 1

r

∂f

∂θ
θ̂ + 1

r sin θ
∂f

∂ϕ
ϕ̂

−→
∇ ·
−→
F = 1

r2
∂

∂r
(r2Fr) + 1

r sin θ
∂

∂θ
(Fθ sin θ) + 1

r sin θ
∂Fϕ
∂f

−→
∇ ×

−→
F = 1

r sin θ

(
∂

∂θ
(Fϕ sin θ)− ∂Fθ

∂ϕ

)
r̂

+ 1
r

(
1

sin θ
∂Fr
∂ϕ
− ∂

∂r
(rFϕ)

)
θ̂

+ 1
r

(
∂

∂r
(rFθ)−

∂Fr
∂θ

)
ϕ̂

∇2f = 1
r2

∂

∂r

(
r2 ∂f

∂r

)
+ 1
r2 sin θ

∂

∂θ

(
sin θ ∂f

∂θ

)
+ 1
r2 sin2 θ

∂2f

∂ϕ2

10 Conductors
In an electrostatic condition, the field inside a conductor is zero. If it is not,
as the conductor allows movement of charged particles, there will be a current
and the condition will not be electrostatic.
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Exercise 14.
A point charge q is kept inside a cavity in a conducting sphere. Find the
charge on the surfaces of the sphere.

q

Solution 14.
As the sphere is neutral, ϕ = 0.
Therefore, − ρ

ε0
= 0.

Therefore, by the Poisson equation,

∇2ϕ = 0

∴
1
r2

∂

∂r

(
r2 ∂ϕ

∂r

)
= 0

∴
∂

∂r

(
r2 ∂ϕ

∂r

)
= 0

∴ r2 ∂ϕ

∂r
= c

∴
∂ϕ

∂r
= c

r2

∴ ϕ =
ˆ

c

r2 dr

= −c
r

+ d

As ϕ(∞) = 0, d = 0. Therefore,

ϕ = −c
r
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Therefore,

ϕ(R) = − c
R

∴ c = −Rϕ(R)
∴
−→
E = −−→∇ϕ(r)

= − ∂ϕ
∂r

r̂

= −
(
−Rϕ(R)

r2

)
r̂

= Rϕ(R)
r2 r̂

Therefore, the field is constant all over the outer surface.
Therefore,

∴ σ = q

4πR2

11 Capacitors
A capacitor is constructed by arranging two conductors, charged with opposite
charges.
Suppose the charges on the conductors are +Q and −Q. Therefore,

V = ϕ(+)− ϕ(−)

= −
(+)ˆ

(−)

−→
E · d−→l

=
(−)ˆ

(+)

−→
E · d−→l

∴ V ∝ Q

Definition 7 (Capacitance). Let the charges on the opposite terminals of a
capacitor be +Q and −Q respectively. The ratio between Q and the potential
difference between the terminals is called the capacitance of the capacitor.

C = Q

V
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11.1 Parallel Plate Capacitors

Consider a capacitor made of two conducting plates of surface area A each.
Let the distance between them be d. Let the charge distribution on the plates
be σ and −σ respectively.

y

z

If d is very small compared to A, the plates can be considered to be
infinite.
Therefore,

−→
E =


σ

ε0
ẑ ; 0 < z < d

0 ; z < 0 or z > d

Therefore,

C = Q

V

= σA

Ed

= σA
σ

ε0
· d

= Aε0

d

11.2 Concentric Spherical Capacitor

Consider a conducting sphere, with radius R1 and charge +Q, surrounded
by a concentric conducting shell of radius R2 and charge −Q. Therefore, the
potential difference between the any point at R1 from the centre and any
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point at R2 from the centre is

V = ϕ(R1)− ϕ(R2)

= −
R1ˆ

R2

−→
E · d−→r

=
R2ˆ

R1

−→
E · d−→r

=
R2ˆ

R1

E dr

=
R2ˆ

R1

Q

4πε0r2 dr

= − Q

4πε0r

∣∣∣∣∣
R2

R1

= Q

4πε0

(
1
R1
− 1
R2

)

∴ C = Q

V

= 4πε0
1
R1
− 1
R2

= 4πε0
R1R2

R2 −R1

11.3 Capacitors in Series

C1 C2

+Q −Q +Q −Q
ϕA ϕB

ϕC
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V = (ϕA − ϕC) + (ϕC − ϕB)

= Q

C1
+ Q

C2

∴
Q

Ceq
= Q

C1
+ Q

C2

∴
1
Ceq

= 1
C1

+ 1
C2

11.4 Capacitors in Parallel

Ceq = C1 + C2

11.5 Energy Stored in a Capacitor

Consider a capacitor with potential difference V and charge Q.
The energy required to move an elemental charge dq from the negatively
charged plate to the positively charged plate is

dU = V dq

= q

C
dq

∴ U =
Q̂

0

q

C
dq

= Q2

2C
= 1

2QV

= 1
2CV

2

11.6 Energy Density

Consider a parallel plate capacitor, with plates of area A, with distance d
between them and charge +Q and −Q respectively. The electric field between
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them is

E = σ

ε0

= Q

ε0A

∴ Ed = Qd

ε0A

As V = Ed,

V = Qd

ε0A

∴
Aε0

d
= Q

V

∴
Aε0

d
= C

Therefore,

U = 1
2CV

2

= 1
2ε0

A

d
E2d2

= 1
2(Ad)ε0E

2

∴
U

Ad
= 1

2ε0E
2

Therefore, as Ad is the volume of the space between the plates of the capacitor,
U

Ad
is called the energy density. Therefore,

u = 1
2ε0E

2

In general, for a charged body with volume charge density ρ, assuming
ϕ(∞) = 0,

U =
˚

V

1
2ρϕ d3 r

As ρ = −ε0∇2ϕ,

U =
˚

V

1
2(−ε0∇2ϕ)ϕ d3 r
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−→
E = −−→∇ϕ

∴ ∇2ϕ = −→∇ ·
(−→
∇ϕ

)
∴
(
∇2ϕ

)
ϕ = −→∇ ·

(−→
∇ϕ

)
ϕ

−→
∇ ·

(
ϕ
(−→
∇ϕ

))
=
(−→
∇ϕ

)(−→
∇ϕ

)
+ ϕ
−→
∇ ·

(−→
∇ϕ

)
=
(
−
−→
E
)(
−
−→
E
)

+ ϕ∇2ϕ

∴ ∇2ϕ = −→∇ ·
(
−ϕ
−→
E
)
− E2

Therefore, substituting in U ,

U =
˚

V

(
−1

2ε0

)(
−→
∇ ·

(
−ϕ
−→
E
)
− E2

)
d3 r

= 1
2ε0

˚

V

−→
∇ ·

(
ϕ
−→
E
)

d3 r +
˚

V

1
2ε0E

2 d3 r

= 1
2ε0

¨

∂V

ϕ
−→
E · d−→A +

˚

V

1
2ε0E

2 d3 r

As there are no charges at infinity, the electric field at infinity is zero. There-
fore, the flux through the large surface is zero. Therefore, ε0

˜
∂V

ϕ
−→
E · d−→A = 0.

Also, according to the initial assumption, ϕ(∞) = 0.

∴ U =
˚

V

1
2ε0E

2 d3 r

∴ u = 1
2ε0E

2

Exercise 15.
Find the potential energy contained in a sphere of charge with radius R.
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Solution 15.

E =



ρr

3ε0
; r < R

4
3πR

3ρ

4πε0r2 ; r > R

Therefore

U =
˚

V

1
2ε0E

2 d3 r

=
R̂

0

1
2ε0

(
ρr

3ε0

)2

· 4πr2 dr +
∞̂

R

1
2ε0

(
R3ρ

3ε0r2

)
4πr2 dr

= 2πρ2

9ε0

R̂

0

r4 dr + 2πρ2R6

9ε0

∞̂

R

1
r2 dr

= 2πρ2

9ε0

(
R5

5

)
+ 2πρ2R6

9ε0

(
−1
r

)∣∣∣∣∣∣
∞

R

= 2πρ2R5

9ε0

(
1
5 + 1

)

= 2πρ2R5

9ε0
· 6

5

= 4πρ2R5

15ε0

12 Dielectric Materials
Definition 8 (Dielectric constant or relative permittivity). If the electric
field in a dielectric material across some voltage and some distance is E,
and the electric field in an identical setup, with a vacuum is E0, the ratio
between E0 and E is called the dielectric constant of the material or the
relative permittivity of the material.

κE = E0

E

Consider a parallel plate capacitor with a dielectric slab of κE inserted
between its plates.
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Let the surface charge densities on each of the plates be +σfree and −σfree,
and charges +Q and −Q.
Let the field inside the capacitor, if it the dielectric slab is absent, be E0, and
the field inside the capacitor, if the dielectric slab is present be E.
Consider a cuboid Gaussian surface at the interface of the dielectric slab and
the plate with charge density +σfree.
As the electric field entering the Gaussian surface is more than the electric
field exiting it, there must be some negative charge on the interface.
Let the surface charge density of this bound charge be −σbound.
Therefore, the net field inside the capacitor is

E = σfree − σbound

ε0

Definition 9 (Permittivity of a dielectric).

C

C0
=

Q

V
Q

V0

= V0

V

= E0d

Ed

= E0

E
= κE

∴ C = C0κE

= ε0κE
A

d

ε = ε0κE is called the permittivity of the dielectric.

12.1 Gauss’ Law in Dielectric Materials
¨ −→

E0 · d
−→
A = Qfree

ε0

∴
¨

κE
−→
E · d−→A = Qfree

ε0

∴
¨

κEε0
−→
E · d−→A = Qfree
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Definition 10 (Electric displacement field).
−→
D = ε0κE

−→
E = ε

−→
E

is called the electric displacement field.

Therefore,
¨

∂V

−→
D · d−→A = Qfree

∴
˚

V

−→
∇ ·
−→
D d3 r = ρfree

∴
−→
∇ ·
−→
D = ρfree

Exercise 16.
A slab of dielectric material, with thickness x is inserted in a parallel plate
capacitor, with plates of surface area A and distance d between them, as
shown.

−Q

+Q

κE

Find the charge density on the interface of the dielectric slab and the
effective capacitance.

Solution 16.
As the charge on the plates is +Q and −Q respectively, and as the area of
the plates is A,

σfree = Q

A

Consider a cuboid Gaussian surface at the interface the dielectric slab and
the free space, inside the capacitor. As the field entering the Gaussian surface
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is less than the field exiting it, there must a bound positive charge at the
interface. Let the surface charge density of this bound charge be +σb.

E2S − E1S = σbA

ε0

∴
Q

ε0A
− Q

ε0κEA
= σb
ε0

∴ σb = Q

A

(
1− 1

κE

)

= Q

A
· κE − 1

κE
∴ σb ≤ σfree

C = Q

V

= Q

E1x+ E2(d− x)

= ��Q

��Q

ε0κA
x+ ��Q

ε0A
(d− x)

= ε0A
x

k
+ d− x

= ε0
A

d− x
(

1− 1
k

)
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Part II

Electrodynamics
1 Currents
Definition 11 (Current). Current is defined as the rate of charge passing
through a cross-sectional area.

I = dq
dt

Definition 12 (Current density).

−→
J = I

A

−→
J is called the current density.
Therefore, the current is the flux of −→J .

1.1 Continuity Law

Q =
˚

V

ρ(x, y, z, t) d3 r

∴
dQ
dt = d

dt

˚

V

ρ(x, y, z, t) d3 r

=
˚

V

dρ
dt d3 r

I =
¨

∂V

−→
J d−→a

I = − dQ
dt

∴
¨

∂V

−→
J · d−→A =

˚

V

− ∂ρ
∂t

d3 r
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Therefore, by the divergence theorem,
˚

V

−→
∇ ·
−→
J d3 r =

˚

V

− ∂ρ
∂t

d3 r

∴
−→
∇ ·
−→
J = − ∂ρ

∂t

1.2 Charge Carriers
Current density is the product of the total charge and the net drift velocity
of the charge carriers.

−→
J = nq−−→vdrift

where n is the number of charge carriers and q is the charge on each of them.

−−→vdrift = 1
n

∑−→vi
where −→vi is the velocity of the ith charge carrier.

2 Ohm’s Law
Law 5 (Ohm’s Law). The voltage across two points on a conductor is di-
rectly proportional to the current through the conductor. The constant of
proportionality is called the resistance of the conductor.

V

I
= R

3 Resistors

3.1 Resistivity
Consider a conductor of cross-sectional area A and length L connected to a
potential difference of V . Let the current passing through it be I.
Therefore,

I = JA

V = EL
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Therefore,

R = V

I

= EL

JA

As E ∝ J , E can be written as ρJ . Therefore,

R = ρJL

JA

= ρ
L

A

Definition 13 (Resistivity). If

R = ρ
L

A

ρ is called the resistivity of the conductor.
σ = 1

ρ
is called the conductivity of the conductor.

They are constant for a particular material.

3.2 Resistors in Series

R1
I

R2

Let V1 and V2 be the voltages across R1 and R2 respectively.
As the resistors are in series,

V = V1 + V2

= IR1 + IR2

= I(R1 +R2)
= IRequivalent

Therefore,

Requivalent = R1 +R2
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3.3 Resistors in Parallel

R1

R2

Let I1 and I2 be the currents through R1 and R2 respectively.
As the resistors are in parallel,

I = I1 + I2

= V

R1
+ V

R2

= V

(
1
R1

+ 1
R2

)

= V

Requivalent

Therefore,

1
Requivalent

= 1
R1

+ 1
R2

4 Power and Energy
Consider a resistor of resistance R connected to a source of voltage V .
The energy needed to transfer a charge dq across V is

dU = V dq

Therefore the power dissipated across the resistor is

P = dU
dt

= V
dq
dt

= V I

= I2R
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5 RC Series Circuit

I(t)

R

C

ε

5.1 Charge on the Capacitor
˛ −→

E ·
−→dl = 0

∴ −ε+ IR + Q

C
= 0

∴ IR + Q

C
= ε

∴ I + Q

RC
= ε

R

∴
dq
dt + 1

RC
Q = ε

R

∴ Q = 1
e
´ 1

RC
dt

ˆ
e
´ 1

RC
dt ε

R

= 1
e

t
RC

εCe
t

RC +D

As Q(t = 0) = 0, D = −εC.
Therefore,

Q = εC
(
1− e− t

RC

)
Definition 14 (Time constant of RC circuit). τ = RC is called the time con-
stant of a circuit with a resistor of resistance R and a capacitor of capacitance
C connected in series.

5.2 Current in the Circuit

I = dQ
dt

= ε

R
e−

t
RC
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5.3 Power and Energy
The power supplied by the battery is

Pε = εI

= ε2

R
e−

t
RC

The power dissipated at the resistor is

PR = I2R

= ε2

R
e−

2t
RC

The energy stored in the capacitor is

UC = Q2

2C

= ε2C

2
(
1− e− t

RC

)2

Therefore the power in the capacitor is

PC = dUC
dt

= ε2C
(
1− e− t

RC

) e− t
RC

RC

= ε2

R
e−

2t
RC

Therefore,

Pε = PR + PC

Therefore, the power is conserved.
Exercise 17.
A thick conducting, cylindrical shell with inner radius a, outer radius b, and
height h is charged with conductivity σ(r) = αr2. Assuming h << a,

1. Find the net resistance if the flat faces are connected to terminals of a
battery.

2. Find the net resistance if the inner and outer surfaces are connected to
terminals of a battery.
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Solution 17.
1. Consider an elemental resistor, i.e. a thin cylindrical shell of radius
a < r < b and thickness dr.
Therefore,

dR = 1
σ

L

A

= 1
αr2

h

2πr dr
= h

2παr3 dr

As the elemental resistors are connected in parallel,

1
R

=
ˆ 1

dR

=
bˆ

a

2παr3 dr
h

= πα

2h (b4 − a4)

∴ R = 2h
πα(b4 − a4)

Alternatively,

J = σE

= σ
V

h

= αr2V

h

I =
¨ −→

J ·
−→dA

=
bˆ

a

αr2V

h
· 2πr dr

= πα

2h (b4 − a4)V
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Therefore,

R = V

I

= 2h
πα(b4 − a4)

The charge density in the body is

% = ε0
−→
∇ ·
−→
E

= 0

2. Consider an elemental resistor, i.e. a thin cylindrical shell of radius
a < r < b and thickness dr.
Therefore,

dR = 1
σ

L

A

= 1
αr2

dr
2πrh

= dr
2παr3h

As the elemental resistors are connected in series,

R =
ˆ

dR

=
bˆ

a

dr
2παr3h

= 1
2παh

(
− 1

2b2 + 1
2a2

)

= 1
4παh

(
1
a2 −

1
b2

)

Alternatively,

J = σE

∴
I

2πrh = αr2E

∴ E = I

2παr3h
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Therefore,

V =
bˆ

a

E dr

=
bˆ

a

I dr
2παr3h

(
1
a2 −

1
b2

)

Therefore,

R = V

I

= 1
4παh

(
1
a2 −

1
b2

)

The charge density in the body is

% = ε0
−→
∇ ·
−→
E

= ε0
1
r

d
dr (rEr)

= ε0
1
r

d
dr

(
I

2παr3h

)

= − ε0I

παr4h

Therefore, the charge in the body is not zero.
However, it is constant in time. Therefore, in the steady state, it does not
violate Kirchoff’s Current Law.
Consider a cuboid Gaussian surface which contains part of the elemental
ring in it.
As σ is varying, the electric field decreases as r increases.
Therefore by Gauss’ Law, as the electric field entering the Gaussian surface
is more than the electric field exiting the Gaussian surface. Hence, there
must be a negative charge inside the Gaussian surface.
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Part III

Magnetism
1 Magnetic Force

Law 6.

d−→F = I
−→dl ×−→B

Consider a stream of charged particles moving with velocity −→v . Therefore,
dl = v dt.
Therefore,

d−→F = I
−→dl ×−→B

= dq
dt (−→v dt)×−→B

= dq−→v ×−→B

2 Lorentz Force

Definition 15 (Lorentz force). The net force due to the electric field and
due to the magnetic field is acting on a charged particle is called the Lorentz
force.

−→
F = q

−→
E + q−→v ×

−→
B

This force is dependent on the velocity of the charge. Therefore, the force
will change depending on the frame of reference. Therefore it apparently
violates the basic assumption that interactions between bodies are the same
irrespective of the frame of reference.
Exercise 18.
A charged particle of charge q and mass m enters a region with uniform
magnetic field as shown.
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⊗
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⊗

⊗

⊗

⊗

q,m v

How will the particle move?

Solution 18.

The force is perpendicular to −→v and −→B .

⊗

⊗

⊗

⊗

⊗

⊗

⊗

⊗

⊗

⊗

⊗

⊗

⊗

⊗

⊗

⊗

⊗

⊗

⊗

⊗

⊗

⊗

⊗

⊗

⊗

⊗

⊗
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⊗

⊗

⊗

⊗

⊗

⊗

⊗

⊗

⊗

⊗

⊗

⊗

⊗

⊗

⊗

⊗

⊗

⊗

⊗

q,m v

F

Therefore, as the force is always perpendicular to the velocity, it will
change the direction of the velocity and not its magnitude. Therefore, the
particle will move in a circle.
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F = qvB

= mv2

R

∴ R = mv

qB

2.1 Cyclotron
A cyclotron is a setup used to accelerate charged particles. It is constructed
with regions of magnetic field −→B and regions of electric field −→E as shown.
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The semicircular areas have magnetic field −→B directed inwards and the
region between the semicircular areas have −→E directed upwards. The electric
field changes directions such that the frequency of the field is half the frequency
of the rotation of the charged particle.
The particle with mass m and charge q starts as shown and is accelerated
under the electric field till it enters the semicircular area.
Let the velocity of the particle when it enters the semicircular area be v0. It
goes in a semicircle of radius mv0

qB
and again enters the region with −→E .

This process is continued till the particle is ejected.

3 Thompson’s Experiment
Electrons from a cathode ray tube are accelerated under −→E in the first region.
When they enter the region with the magnetic field, they move in a circle.

eE = evB

∴ v = E

B

∴ R = mv

eB

=
mE

B

qB

= mE

eB2

∴
e

m
= E

RB2

Therefore, e
m

can be physically calculated.

4 Biot-Savart Law
Law 7 (Biot-Savart Law).

d−→B = µ0

4π
I d−→l × r̂

r2

∴ B = µ0

4π
q−→v × r̂
r2
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Exercise 19.
Find the magnetic field due on the axis of a ring of radius R carrying current
I.

z

R

Solution 19.

R R

z

� ⊗

Due to symmetry of the ring, the components of the differential fields in the
z direction are added up and all others are cancelled out.
Therefore,

−→
B = ẑ

ˆ
dB cos(90− θ)

= ẑ

2πRˆ

0

µ0

4π
I dl

z2 +R2
R√

R2 + z2

= µ0

4π
IR2

(z2 +R2)
3
2
ẑ
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Exercise 20.
Find the magnetic field at a distance r from an infinite wire carrying current
I.

Solution 20.
Consider an elemental current carrier of length dz at a distance z from the
origin.
Therefore,

d−→B = µ0

4π
I
−→
l × r̂
r2

= µ0

4π
I dz sin θ
r2 + z2 ϕ̂

= µ0

4π
I dzr

(r2 + z2)
3
2
ϕ̂

= Iµ0r

4π
dz

(r2 + z2)
3
2
ϕ̂

∴
−→
B = ϕ̂

Iµ0r

4π

∞̂

−∞

dz
(r2 + z2)

3
2

= µ0I

2πr ϕ̂

Definition 16 (Magnetic dipole moment). The magnetic dipole moment of
a loop of area A carrying current I is defined as

−→m = −→µ = I
−→
A

Exercise 21.
A rigid, closed, square loop, carrying current I is placed in a region of external
magnetic field −→B as shown.

B

B

B

B

B

I

I

I

I
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Describe the motion of the loop.

Solution 21.
The force on the right side of the square loop is directed inwards, and the force
on the left side is directed outwards. These forces are equal in magnitude.

F = IaB

The forces on the upper and lower sides of the loop are zero, as the directions
of the magnetic field and −→I dl are the same.
Therefore, as the forces on the left and right sides are opposite in direction,
there is no net force on the loop, but there is a net torque.
Hence, the loop will rotate around an axis as shown.
After the loop rotates, the upper and lower sides will have a force acting on
them. However, due to the directions of the forces, it will have no effect on
the motion of the loop. The forces only work towards deforming the loop.
Therefore, the net torque on the loop is

−→τ = 2
(
a

2 · IaB · sin θ
)
ẑ

= Ia2B sin θẑ
= IAB sin θẑ
= I
−→
A ×

−→
B

= −→µ ×−→B

Exercise 22.
Find the force between two wires of length l, carrying currents I1 and I2,
respectively, separated by a distance r, where l >> r.

Solution 22.

F = I2lB1

= I2l
µ0I

2πr
= µ0I1I2l

2πr
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5 Ampere’s Law
Law 8 (Ampere’s Law). Let C be a virtual closed loop.

˛

C

−→
B ·
−→dl = µ0Ienclosed

Exercise 23.
A cylindrical wire of radius R is carrying current with current density −→j = jẑ.
Find the magnetic field at a distance r > R from the centre of the wire.

Solution 23.

−→
B = Brr̂ +Bϕϕ̂+Bz ẑ

Due to the symmetry of the cylinder, B is independent of ϕ.
As the wire is infinite, B is independent of z.
By the Biot-Savart Law, B should be in the ϕ̂ direction only.
Therefore,

−→
B (r) = Bϕ(r)ϕ̂

Consider a circular virtual Ampere loop with radius r.
Therefore, by Ampere’s Law,

˛ −→
B ·
−→dl = µ0I

∴ B · 2πr = µ0I

∴ B = µ0I

2πr
∴
−→
B = µ0I

2πr ϕ̂

If r > R,

−→
B = µ0jπR

2

2πr ϕ̂

= µ0jR
2

2r ϕ̂
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If r < R,

−→
B = µ0jπr

2

2πr ϕ̂

= µ0jr

2 ϕ̂

Therefore,

−→
B =


µ0jr

2 ϕ̂ ; r < R
µ0jR2

2r ϕ̂ ; r > R

Exercise 24.
An infinite plate in the x-y plane is carrying current in the positive x direction.
The current density is k = I

l
.

Solution 24.
Consider a square virtual Ampere loop, directed anti-clockwise, as shown.

y

z

� � � � � � � � � � �
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Therefore by Ampere’s Law,
˛ −→
B ·
−→dl = µ0Ienclosed

∴ 2|B|l = µ0kl

∴ |B| = µ0k

2

Therefore,

−→
B =

−
µ0k

2 ŷ ; z > 0
µ0k

2 ŷ ; z < 0

6 Differential Form of Ampere’s Law
Law 9 (Differential Form of Ampere’s Law).

−→
∇ ×

−→
B = µ0

−→
j

Proof. Consider a closed virtual loop C with surface area S.
Therefore, by Ampere’s Law,

˛

C

−→
B ·
−→dl = µ0Ienclosed

The loop can be considered to be made up of two virtual loops as shown.

Similarly, let the area enclosed by the loop be divided into small virtual
loops Ci of area ai.
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Therefore,
˛

C

−→
B ·
−→dl =

∑
i

˛

Ci

−→
B ·
−→dl

The curl is defined as

(curlB)n̂ = lim
ai→0

¸
Ci

−→
B ·
−→dl

ai

where n̂ is perpendicular to the area ai.
Therefore,

˛

C

−→
B ·
−→dl = lim

max ai→0

∑
i

˛

Ci

−→
B ·
−→dl

= lim
max ai→0

∑
i

(curlB)n̂ai

= lim
max ai→0

∑
i

(curlB)−→ai

=
¨

S

curlB · −→da

∴
˛

C

−→
B ·
−→dl =

¨

S

curlB · −→da

Consider a loop in the x-y plane as shown.
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x

y

x0 − dx
2 x0 + dx

2

y0 − dy
2

y0 + dy
2

(curlB)ẑ =

¸
C

−→
B ·
−→dl

dx dy

=
Bx

(
x0, y0 − dy

2 , z0
)

dx−Bx

(
x0, y0 + dy

2 , z0
)

dx
dx dy

+
By

(
x0 − dx

2 , y0, z0
)

dy −By

(
x0 + dx

2 , y0, z0
)

dy
dx dy

=
Bx(x0,y0−dy

2 ,z0) dx dy−Bx(x0,y0+ dy
2 ,z0) dx dy

dy

dx dy

+
By(x0−dx

2 ,y0,z0) dxdy−By(x0+ dx
2 ,y0,z0) dxdy

dx
dx dy

=
−∂Bx

∂y

∣∣∣(x0,y0−dy
2 ,x0) dx dy

dx dy +
∂By

∂x

∣∣∣(x0−dx
2 ,y0,x0) dx dy

dx dy

=
(
∂By

∂x
− ∂Bx

∂y

)∣∣∣∣
(x0,y0,z0)

Similarly for loops in the y-z and z-x planes.
Therefore,

curlB =

∣∣∣∣∣∣∣∣
x̂ ŷ ẑ
∂
∂x

∂
∂y

∂
∂z

Bx By Bz

∣∣∣∣∣∣∣∣
= −→∇ ×−→B
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Therefore,

−→
∇ ×

−→
B = µ0

−→
j

7 Faraday’s Law

Exercise 25.
A rod of length l is moving with velocity v in a region of uniform magnetic
field B as shown.
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⊗

⊗

⊗

⊗

⊗

⊗
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⊗

⊗

−→v

l

Find the potential difference V generated between its ends.

Solution 25.
As the rod is moving under a magnetic field, there will be a force acting on
every charged particle in the rod. The force on positively charged particles is
upwards and the force on negatively charged particles if downwards.
Therefore, there will be a charge distribution created inside the rod. Therefore,
there will be an electric field between the ends of the rod. Hence, there will
also be a potential difference generated between its ends.
Consider a charged particle of charge q in the rod.
The force required for it to move to the end of the rod is equal to the force
acting on it due to its movement under the magnetic field.
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Therefore,

qE = qvB

∴ El = Bvl

∴ V = Bvl

Definition 17 (Electromotive Force).

ε =
˛ (−→

E +−→v ×−→B
)
·
−→dl

Consider a rectangular loop of height L moving with velocity v as shown.
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⊗

⊗

t t+ dt

L

v dt v dt

ε =
˛ (−→

E +−→v ×−→B
)
·
−→dl

=
˛ −→

E ·
−→dl +

˛ (
−→v ×

−→
B
)
·
−→dl

= 0 +BLv

dΦB = ΦB(t+ dt)− ΦB(t)
= (flux due to common area +B2Lv dt)
− (flux due to common area +B1Lv dt)

= (B2Lv −B1Lv) dt
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Therefore,

B2Lv −B1Lv = dΦB

dt
∴ ε = − dΦB

dt

In general,

Law 10 (Faraday’s Law). For a loop of area S,
˛

∂S

(−→
E +−→v ×−→B

)
·
−→dl = − d

dt

¨

S

−→
B ·
−→da

If the loop is not moving,
˛

∂S

−→
E ·
−→dl = − d

dt

¨

S

−→
B ·
−→da

By Stoke’s Theorem,
¨

S

(−→
∇ ×

−→
E
)
·
−→da =

¨

S

− ∂
−→
B

∂t
·
−→da

∴
−→
∇ ×

−→
E = − ∂

−→
B

∂t

Law 11 (Lenz’s Law). The direction of an induced current is in a direction
such that it opposes the change in the magnetic flux responsible for its creation.

Exercise 26.
A solenoid of infinite length has n turns per unit length. The current through
it is

I = αt

Find the induced electric field, at a point inside it.
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Solution 26.
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dl

E

dl

E

dl

E

Consider a virtual loop of radius r, directed anti-clockwise.
Therefore, by Faraday’s Law,

˛ −→
E ·
−→dl = − d

dt
(
B · πr2

)
= − d

dt
(
µ0αtn · πr2

)
= −µ0αnπr

2

∴ E · 2πr = −µ0αnπr
2

∴ E = −µ0αnr

2

Therefore, as E is negative, it is opposite to the direction of the loop.
Therefore,

E = −µ0αnr

2 ϕ̂
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8 Inductors

Consider a solenoid with n turns per unit length.
Therefore,

B = µ0In

and

ε = − dΦB

dt

Therefore,

ε ∝ dI
dt

Definition 18 (Self inductance).

L = ε
dI
dt

is called self inductance.

Exercise 27.
Find the self inductance of a solenoid with length l, and N turns of radius R.

Solution 27.
Let the number of turns per unit length be

n = N

l

Let ε1 be the voltage across each loop of the solenoid.
Therefore,

ε1 = −ϕ̇B
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Therefore, the voltage between the ends of the solenoid is,

εL = Nε1

∴ Lİ = Nϕ̇B

= N
d
dt
(
µ0InπR

2
)

= Nµ0İnπR
2

= µ0
N2

l
πR2İ

∴ L = µ0
N2

l
πR2

= µ0n
2lA

8.1 Energy Stored in an Inductor
Consider an inductor of length l, cross-sectional area A, and inductance L.

P = εLI

∴
dUL
dt = LİI

∴ UL = 1
2LI

2

8.2 Energy Density
Consider an inductor of length l, cross-sectional area A, and inductance L.

UL = 1
2LI

2

= 1
2µ0n

2lA
B2

µ02n2

= B2

2µ0
lA

Therefore,

uL = UL
V

= B2

2µ0

= 1
2

1
µ0
B2
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9 LR Series Circuit

I(t)

R

L

ε

9.1 Current in the Inductor
˛ −→

E ·
−→dl = 0

∴ −ε+ IR + Lİ = 0

∴ İ + R

L
I = ε

L

∴
dI
dt + R

L
I = ε

L

∴ I = 1
e
´

R
L

dt

ˆ
e

R
L

dt ε

L
dt

= ε

R

(
1− e−R

L
t
)

Definition 19 (Time constant of LR circuit). τ = L
R

is called the time
constant of a circuit with a resistor of resistance R and a inductor of inductance
L connected in series.

9.2 Mutual Inductance
Definition 20 (Mutual Inductance). Consider two loops, loop 1 and loop 2.
Let there be a current I1 in loop 1.
Therefore, a magnetic field B1 will be induced.
Therefore, there will be a magnetic flux, ΦB21, due to B1, in loop 2.
As a result, there will be a potential difference, ε2, induced in loop 2. Hence,
there will be a current, I2, induced in loop 2.
The mutual inductance of the two loops is defined as

ε2 = −M21İ1

M12 = M21 = M
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Theorem 1. Consider two loops, loop 1 and loop 2.
Then,

M12 = M21 = M

Exercise 28.
Find the mutual inductance of two concentric rings of radii r1 << r2.

Solution 28.
Let there be a current I2 in the ring of radius r2.
Therefore, the magnetic field at the centre, due to I2 is,

B2 = µ0I2

2r2

∴ ΦB12 = µ0I2

2r2
· πr1

2

∴ ε1 = − ˙ΦB12

= −µ0πr1
2

2r2
İ2

∴
εi

İ2
= µ0πr1

2

2r2

∴M = µ0πr1
2

2r2

10 Transformers
Two coils of equal radii have n1 and n2 turns respectively. They are connected
as shown.

Coil 1 is connected to a variable voltage ε1. Therefore, there is an induced
magnetic field B acting on both coils.
Therefore, there is an induced magnetic flux through both coils.
Hence, there will be an induced emf, ε2 across the second coil.

ε1 = −n1ϕ̇B

ε2 = −n2ϕ̇B
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Therefore, as the cross-sectional area of the coils is equal, the flux through
them is equal.
Therefore,

ε1

n1
= ε2

n2

∴ ε2 = ε1
n2

n1

11 Maxwell’s Correction to Ampere’s Law
By Ampere’s Law,

−→
∇ ×

−→
B = µ0 ·

−→
j

Therefore, taking the divergence of both sides,
−→
∇ ·
−→
∇ ×

−→
B = 0

but

−→
∇ ·

(
µ0
−→
j
)

= − ∂ρ
∂t

6= 0

Therefore, there must be a missing term in the RHS.
Therefore,

−→
∇ ×

−→
B = µ0

−→
j +−→g

∴
−→
∇ ·
−→
∇ ×

−→
B = µ0

−→
∇ · −→j +−→∇ · −→g

∴ 0 = − ∂ρ
∂t

+−→∇ · −→g

∴
−→
∇ · −→g = µ0

∂ρ

∂t

By Differential Form of Gauss’ Law,
−→
∇ ·
−→
E = ρ

ε0

∴
−→
∇ ·

(
ε0
−→
E
)

= ρ

∴
−→
∇ ·

ε0
∂
−→
E

∂t

 = ∂ρ

∂t
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Therefore,

−→
∇ · −→g = µ0

∂ρ

∂t

= −→∇ · −→g

= µ0ε0 ·
∂
−→
E

∂t

∴ g = µ0ε0
∂
−→
E

∂t

Definition 21 (Displacement current density).

−→
jD = ε0

∂
−→
E

∂t

is called the displacement current density.

Therefore,

Law 12 (Maxwell’s Correction to Ampere’s Law).

−→
∇ ×

−→
B = µ0

−→
j + µ0ε0

∂
−→
E

∂t

= µ0
−→
j + µ0

−→
jD

Therefore,
˛

∂S

−→
B ·
−→dl = µ0

¨

S

−→
j ·
−→dA+ µ0ε0

d
dt

¨

S

−→
E ·
−→dA

= µ0I ·
−→dA+ µ0ID
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12 Maxwell’s Equations

Law Integral Form Differential Form

Gauss’ Law for Electricity
‹

∂V

= 1
ε0

˚

V

ρ d3 r
−→
∇ ·
−→
E = ρ

ε0

Faraday’s Law
˛

∂S

−→
E ·
−→dl = − d

dt

¨

S

−→
B · d−→A −→

∇ ×
−→
E = − ∂

−→
B

∂t

Gauss’ Law for Magnetism
‹

S

−→
B · d−→A = 0 −→

∇ ·
−→
B = 0

Ampere’s Law −→
B ·
−→dl = µ0

¨

S

−→
j · d−→A + µ0ε0

d
dt

¨

S

−→
E · d−→A −→

∇ ×
−→
B = µ0

−→
j + µ0ε0

∂
−→
E

∂t
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Exercise 29.
A capacitor has circular plates of radius a with distance d between them.
It is connected by wires with distance L between the wires.
A rod is kept connecting the wires, as shown.
A constant magnetic field B is directed inwards as shown.
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The rod is moving to the right with v = αt2.
Find the magnetic field induced between the plates of the capacitor.

Solution 29.
As the rod is moving, there is an induced emf ε between the ends of the rod.
Therefore, the system is equivalent to

C ε

Therefore,

C = Aε0

d

= ε0
πa2

d
ε = vBL

= αt2BL
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Let the charge on the plates of the capacitor by +Q and −Q.
Therefore,

Q = Cε

= ε0
πa2

d
αt2BL

The electric field between the capacitor plates is

E = ε

d

= αt2BL

d

Consider a virtual Ampereian loop of radius r, between the capacitor plates.
Let this loop be directed clockwise if seen from above.
Let the magnetic field acting on the loop be B̃.
Therefore, by Maxwell’s Correction to Ampere’s Law,

˛ −→
B ·
−→dl =

���
���

��:0
µ0

¨
−→
j · d−→A + µ0ε0

d
dt

¨ −→
E · d−→A

= µ0ε0
d
dt

(
αt2BL

d
πr2

)

∴ B̃ · 2πr = µ0ε0
2αtBL
d

πr2

∴ B̃ = µ0ε0αBL

d
tr

Therefore, as
−→̃
B is positive, it is directed parallel to dl.

Therefore, it supports its cause.
In general, the magnetic field induced due to a change in ΦB opposes its own
cause, and the magnetic field induced due to a change in ΦE supports it own
cause.

Exercise 30.

A capacitor with circular plates of radius a and distance d between them is
connected to a battery of voltage V .
The capacitor is filled with a liquid dielectric of dielectric constant κ.
The dielectric is leaking through the bottom, such that the level of the liquid
is falling with velocity u.
Find the magnetic field inside the capacitor and the displacement current.
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V

u

Solution 30.
The capacitor is equivalent to a capacitor filled completely with the dielectric
connected in series with a capacitor with a vacuum inside it.
Therefore,

1
C

= 1
ε0

A
ut

+ 1
ε0κ

A
d−ut

= 1
ε0A

 1
1
ut

+ 1
κ

d−ut


= 1
ε0A

(
ut+ d− ut

κ

)

= 1
ε0A

d
k

+ ut

(
1− 1

k

)
Therefore,

C = ε0
A

d
k

+ ut
(
k−1
k

)
= ε0κ

A

d+ ut(κ− 1)

Therefore, the charge on the bottom plate of the capacitor is,

Q = CV

= ε0κ
AV

d+ ut(κ+ 1)

Let the electric field in the area of the capacitor which has vacuum be
Evacuum.
Let the electric field in the area of the capacitor which has dielectric be
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Edielectric.
Let both Evacuum and Edielectric be directed from the bottom plate to the top
plate, i.e. upwards.
Therefore,

Edielectric = σ

κε0

= Q

κε0A

= κV

κ
(
d+ ut(κ− 1)

)
Consider a box shaped Gaussian surface at the upper surface of the dielectric,
with the bottom surface in the dielectric and the top surface in vacuum.
Therefore, the electric field entering the surface is κV

κ(d+ut(κ−1)) , and the electric
field exiting the surface is κV

d+ut(κ+1) .
Therefore, by Gauss’ Law,

κV

d+ ut(κ− 1) −
κV

κ
(
d+ ut(κ− 1)

) = σbound

ε0

∴ σbound = ε0

(
κV

d+ ut(κ− 1) −
V

d+ ut(κ− 1)

)

Consider a virtual Ampereian loop of radius r in the area of the capacitor
with vacuum.
Therefore, by Maxwell’s Correction to Ampere’s Law,

˛

∂S

−→
B ·
−→dl = µ0

¨

S

−→
j ·
−→dA+ µ0ε0

d
dt

¨

D

−→
E · d−→A

= µ0ε0
d
dt

(
κV

d+ ut(κ− 1)πr
2
)

= µ0ε0

− κV u(κ− 1)(
d+ ut(κ− 1)

)2πr2


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The charge on the bottom plate of the capacitor is,

Q = ε0κ
AV

d+ ut(κ− 1)

∴ Qi = ε0
AV

d+ u · 0(κ− 1)

= ε0κ
AV

d

∴ Qf = ε0
AV

d+ d(κ− 1)

= ε0
AV

d

Therefore, the charge on the plate is reducing. Hence, the current in the
circuit will be from the bottom plate to the top plate, i.e. clockwise.
Therefore, the induced magnetic field inside the capacitor will be such that
the magnetic field due to it is directed downwards. Therefore, it supports its
own cause.
This is consistent with the expectations.
Therefore, the displacement current is,

ID =

¸
∂S

−→
B ·
−→dl

µ0

= ε0
d
dt

(
κV

d+ ut(κ− 1)πr
2
)

= ε0

− κV u(κ− 1)(
d+ ut(κ− 1)

)2πr2



Exercise 31.

A capacitor with circular plates of radius a and distance d between them
is filled with a material of conductivity σ. The capacitor connected to a
sinusoidal voltage source V = V0 sinωt. Find the magnetic field induced
inside the capacitor.
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V0 sinωt

Solution 31.
Let the electric field inside the capacitor be E. Let E be directed upwards,
i.e. in the ẑ direction.

−→
E = V

d
ẑ

= V0 sinωt
d

ẑ

∴
−→
j = σ

−→
E

= σV0 sinωt
d

ẑ

Consider a virtual Ampereian loop with radius r inside the capacitor.
Therefore, by Maxwell’s Correction to Ampere’s Law,

˛

∂S

−→
B ·
−→dl = µ0

¨

S

−→
j · d−→A + µ0ε0

d
dt

¨

S

−→
E · d−→A

= µ0
σV0 sinωt

d
πr2 + µ0ε0

d
dt

(
V0 sinωt

d
πr2

)

∴ 2πrB = V0µ0πr
2

d
(σ sinωt+ ε0ω cosωt)

∴ B = V0µ0r

2d (σ sinωt+ ε0ω cosωt)

13 Magnetism in Materials
Definition 22 (Paramagnetic material). A material which is repelled by an
external magnetic field is called a paramagnetic material.
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Definition 23 (Diamagnetic material). A material which is repelled by an
external magnetic field is called a diamagnetic material.

Definition 24 (Ferromagnetic material). A material which is magnetized by
an external magnetic field and remains magnetized after the external field is
removed is called a ferromagnetic material.
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Part IV

Electromagnetic Waves

1 Wave Impulse

Let ψ(x, t) be a equation representing a wave.
Let the speed of propagation of the wave be ±v, depending on the direction.
Therefore, if the peak of the wave is at a point x at time 0, then the peak of
the wave will be at a point vt away from x, depending on the direction of the
propagation of the wave.

y

t = 0 t

vt

Let f(x) = ψ(x, 0).
Therefore,

ψ(x, t) = f(x∓ vt)

Let

ξ = x∓ vt
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Therefore, differentiating ψ with respect to x,

∂ψ

∂x
= ∂f

∂ξ

∂ξ

∂x

= ∂f

∂ξ

∴
∂2ψ

∂x2 = ∂

∂x

(
∂f

∂ξ

)

= ∂2f

∂ξ2
∂ξ

∂x

= ∂2f

∂ξ2

Differentiating ψ with respect to t,

∂ψ

∂t
= ∂f

∂ξ

∂ξ

∂t

= ∂f

∂ξ
(∓v)

∴
∂2ψ

∂t2
= ∂

∂t

(
∂f

∂ξ
(∓v)

)

= (∓v) ∂
∂t

(
∂f

∂ξ

)

= (∓v) ∂
2f

∂ξ2
∂ξ

∂t

= (∓v) ∂
2f

∂ξ2 (∓v)

= v2 ∂
2f

∂ξ2

Therefore,

∂2ψ

∂x2 = 1
v2
∂2ψ

∂t2

78



2 1D Waves

Let

ψ(x, t) = A cos
(
k(x− vt) + ϕ0

)
= A cos (kx− ωt+ ϕ0)

A is called the amplitude.
k is called the wave number.
v is the propagation speed. It is dependent on the medium of propagation
only.
ω = kv is called the angular frequency.
T = 2π

ω
is called the time period.

f = ν = 1
T

= ω
2π is called the time frequency.

ϕ0 is called the initial phase.
λ = 2π

k
is called the wavelength of the wave.

3 3D Waves

Let n̂ be the unit vector in the direction of the propagation of the wave.
Therefore, the equation of the wave

ψ
(−→r , t) = f

(
n̂ · −→r − vt

)
= A cos

(
k
(
n̂ · −→r − vt

)
+ ϕ0

)
= A cos

(−→
k · −→r − ωt+ ϕ0

)
−→
k = kn̂ is called the wave vector.
Therefore,

∇2ψ = 1
v2
∂2ψ

∂t2
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4 Electromagnetic Waves

For −→E and −→B , in vacuum, Maxwell’s Equations are
−→
∇ ·
−→
E = 0

−→
∇ ×

−→
E = − ∂B

∂t
−→
∇ ·
−→
B = 0

−→
∇ ×

−→
E = µ0ε0

∂E

∂t

Therefore,

−→
∇ ×

−→
E = µ0ε0

∂E

∂t

∴
∂

∂t

(−→
∇ ×

−→
B
)

= ∂

∂t

µ0ε0
∂
−→
E

∂t


∴
−→
∇ × ∂

−→
B

∂t
= µ0ε0

∂2−→E
∂t2

∴ µ0ε0
∂2−→E
∂t2

= −→∇ ×
(−→
∇ ×

−→
E
)

= −−→∇ ×
(−→
∇ ×

−→
E
)

= −−→∇
��

�
��
�*0(−→

∇ ·
−→
E
)

+∇2−→E

= ∇2−→E

Similarly for −→B .
Therefore,

∇2−→E = µ0ε0
∂2−→E
∂t2

∇2−→B = µ0ε0
∂2−→B
∂t2

Therefore, both −→E and −→B satisfy 3D wave equations.
Hence the electric an magnetic fields are waves.
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4.1 Direction of EM Wave Propagation

−→
E = −→E0f

(
n̂ · −→r − ct

)
= −→E0f(nxx+ nyy + nzz − ct)

−→
B = −→B0f

(
n̂ · −→r − ct

)
= −→B0f(nxx+ nyy + nzz − ct)

By Maxwell’s Equations,

0 = −→∇ · −→E

= −→∇
(−→
E0f(nxx+ nyy + nzz − ct)

)

=
��

��
��*

0(−→
∇ ·
−→
E0

)
f(nxx+ nyy + nzz − ct) +−→E0 ·

−→
∇f(nxx+ nyy + nzz − ct)

= −→E0 · n̂f ′

Therefore, as the cross product is zero, −→E0 ⊥ n̂.
Similarly, as −→∇ · −→B = 0, −→B0 ⊥ n̂.

4.2 Mutual Perpendicularity of Electric Field and Mag-
netic Field Vectors

− ∂
−→
B

∂t
= −→∇ ×−→E

= −→∇ ×
(−→
E0 · f

)

=
��

��
��*

0(−→
∇ ×

−→
E0

)
f −
−→
E0 ×

−→
∇f

= −−→E0 × f ′n̂

∴ −
−→
B0 · f ′ · (−c) = −−→B0 × f ′n̂

∴ n̂×
−→
E0 = −→B0c

Therefore, −→E and −→B are mutually perpendicular, and E0 = cB0.
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4.3 Electromagnetic Energy Density

The electromagnetic energy density in vacuum is

uem = 1
2ε0E

2 + 1
2

1
µ0
B2

= 1
2ε0E

2 + 1
2µ0

(
E

c

)2

As c2 = 1
µ0ε0

,

uem = 1
2ε0E

2 + 1
2µ0

E2

1
µ0ε0

= 1
2ε0E

2 + 1
2ε0E

2

= ε0E
2

= cε0EB

4.4 Poynting Vector

Definition 25 (Poynting vector).

−→s = uemCn̂

= c2ε0EBn̂

= EB

µ0
n̂

=
−→
E ×

−→
B

µ0

is called the Poynting vector.

Exercise 32.
A cylindrical resistor of resistance R has length L and radius a.
The resistor is kept on the z axis.
A current I is flowing in the ẑ direction.
The voltage across the resistor is V .
Show that the total flux of −→S through the surface of the resistor is equal to
the power in the resistor.
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Solution 32.
Due to the potential difference across the resistor, there is an electric field
inside the resistor.

−→
E = V

L
ẑ

Due to the current flowing through the resistor, there is a magnetic field
everywhere.
The magnetic field at the surface of the resistor is

−→
B = µ0I

2πaϕ̂

Therefore, at the surface of the resistor, the Poynting vector is

−→
S =

−→
E ×

−→
B

µ0

= −r̂
V
L
µ0I
2πa
µ0

= − I2R

2πaLr̂

Therefore, the total flux of −→S through the resistor’s surface is

I2R

2πaL · 2πaL = I2R

= P

5 Momentum due to Electromagnetic Waves
Consider two particles of mass m and charge q each, moving as shown.

v

F

v

F

83



Therefore, the magnetic force exerted by each particle on the other is as
shown.
Therefore, the net force on the system does not cancel out.
Hence, Newton’s Third Law is violated.
As a result, the Principle of Conservation of Momentum is also violated.
To correct this error, the momentum due to the generated electromagnetic
waves is defined to be

−→pem =
−→
S

C2

= uem

c
n̂
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