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Part 1
Representation of Numbers and
Errors

1 Floating Point Representation

Exercise 1.
Represent 9.75 in base 2.

Solution 1.

1 1
9.75 =8+ +2+4

— 93 490 L 9=l 4 o2
_ 93 (20 4923 o4y 2—5)

= (2" (1 +0.001 +0.0001 + 0.00001) )
= (2" (1.00111)),

Definition 1 (Double precision floating point representation). A floating
point representation which uses 64 bits for representation of a number is
called a double precision floating point representation.
The standard form of double precision representation is
4+ ...
o~
a = j: 1 e lebithbitS
N
1 bit 1 bit 52 bits
Theorem 1 (Range of double precision floating point representation). The
largest number which can be represented with double precision floating point
representation is approzimately 1037 and the smallest number which can be
represented is approzimately 107307,

Proof. As the exponent has 10 bits for representation,
- (1010 - 1) < exponent < (1010 - 1)
Therefore,

—1023 < exponent < 1023



Therefore, the smallest number, in terms of absolute value, which can be
represented, is

1.0---0 x271024 o 107307
N——
52 bits

Therefore, the smallest number which can be represented is approximately
107397 and the largest number which can be represented is approximately
10397, O

Definition 2 (Overflow). If a result is larger than the largest number which
can be represented, it is called overflow.

Definition 3 (Underflow). If a result is smaller than the smallest number
which can be represented, it is called underflow.

Definition 4 (Least significant digit).

1=1.0---0x2°
N——

52 zeros

Let 1. be the smallest number larger than 1, which can be represented in
double precision floating point representation.
Therefore,

1=1.0---01 x2°
N——
51 zeros
=1+ 2—52
~14+2x10716

Therefore,
1—1. =277
~2x 10716

This number is called the least significant digit, or the machine precision. It
is the maximum possible error in representation. It is represented by e.

Definition 5 (Error). Let the DPFP representation of a number x be 7.
The absolute error in representation is defined as

absolute error = |z — 7|
—0.0--- (01 x 2exponent



The relative error in representation is defined as

B |x — 7|

The maximum error, 2772 ~ 2 x 10716 is called the machine precision.
In general,

Txy = (zxy)(1+9)

where ¢ is the relative error, ¢ is the machine precision, § < ¢, and x is an
operator.

1.1 Loss of Significant Digits in Addition and Subtrac-
tion

Exercise 2.
Represent 7 + % in base 10 with 4 digits.

Solution 2.

T~ 3.14159
Approximating by ignoring the last digits,
T =3.141

Similarly,

1
— =3.333 x 1072
30

Therefore, adding,

1
™+ — = 3.141 + 0.03333
™+ 30 +
=3.174



Therefore,

. (7?+;E>—(7r+310)

T
T+ 55

= 0.0003
Therefore, 6 < e = 0.001
Exercise 3.

Given

a = 1.435234
b=1.429111

Find the relative error.

Solution 3.

a = 1.435234
b=1.429111

Therefore,
a—0b=0.0061234
Approximating by ignoring the last digits,
a=1.435
b =1.429
Therefore,
a—b=0.006
Therefore,
(a—b)— (a—0b)
a—>b

Therefore,

§> 1073
0> ¢



Exercise 4.
Solve

22 4+10%2+1=0

Solution 4.
—108 + /106 — 4
Tr =
2
Therefore,
r_ ~ —10°
Therefore, by Vietta Rules,
c
1Ty =— —
a
I + L9 — ——
a
Therefore,
ryr_ =1
1
STy = —
xr_
~—10"%

In MATLAB, this can be executed as x = roots([1,10°8,1])
This gives the result

Ty =—7.45x 107"

Therefore, the absolute error is

@ — 2| =|-745 x 107 — (-=107%)
=255 x%x 1077
Therefore,
5= r—x
s
2.55 x 1079
RLiid
= 0.255
= 25%



The algorithm used by MATLAB is

if b > 0 then
_ —b—+vb2—dac
Iy = 2a
_ =
T2 = axri
else
_ —b+Vb%2—4ac
T2 = 2a
— ¢
Ty = ars
end if

This is done to avoid subtraction of numbers close to each other, and hence
avoid the possible error.
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Part 11
Approximation of Functions

1 Series of Approximations

1.1 Order of Convergence

Definition 6. Let {a,,}5°, be a series. {a,} is said to converge to «, denoted
as o, — «, if Ve > 0, ¢ € R, Ing(e) € N, such that Yn € N, n > ng(e),
|y, — o] <e.

Usually, the series {a,} is compared to a simpler series such as %, 7%67 e

Definition 7. «,, is said to be “big-O” of /3, and is said to behave like j3,,
if 4k € R, k> 0, Ing € N, ng > 0, such that Vn > ny,

It is denoted as

Definition 8. «,, is said to be “small-O” of j,, if

lim 2" =0
Jim 2% =

It is denoted as
Qp = O(ﬁn)

Exercise 5.
Find the order of convergence of

a, =2n+3n2+4n+5

11



Solution 5.

a, =2n*+3n*+4n+5
<(2+3+4+5)n
oy, < 14nd

Therefore, comparing to the standard form,

k=14

ﬁn:ng

Therefore, as Vn > 1, |a,| < 14|35,/

Qn = O(Bn)
Also,
Ly oM+ 2P +4n+5
lim — = lim
n—00 Bn n— 00 n3
=2

Therefore, as the limits is not zero,

However, Vo > 0,

a, = o <n3+6>
2 Representation of Polynomials

2.1 Power series

Definition 9 (Power series representation of polynomials).
P.(z) =ap+ax+ -+ a,z"

This representation may lead to loss of significant digits.

12



Exercise 6.
Let P(z) represent a straight line.

1
P(6000) =

2

If only 5 decimal digits are used, show that there is a loss of significant digits,
if the power series representation of the polynomial is used.

Solution 6.
P(z) represents a straight line. Therefore,

P(z) =ax+0b
Therefore,
1
6000a + b = 3
2
600la +b= —-
3
Therefore,

(o 1) (2) = ()

_ L1 g
~ 4] \—=6001 6000/ \—2
(1

— {-6000.3

(1

~ 16000.3

VR
> Q
~_

Therefore,

a=—1
b = 6000.3

Therefore,

P(z) = —z + 6000.3

13



Substituting 6000 and 6001 in this expression,
P(6000) = 0.3
P(6001) = 0.7

However, the most accurate values of P(6000) and P(6001), using 5 decimal
digits only, should be

P(6000) = 0.33333
P(6001) = —0.66666

Therefore, there is a loss of significant digits.

2.2 Shifted Power Series

Definition 10 (Shifted power series representation of polynomials).
P.(x)=ap+a(z—c)+ -+ a,(z—c)"

This representation is a power series shifted by ¢. Hence, this representa-
tion does not lead to loss of significant digits.

Exercise 7.
Let P(z) be a straight line.

1
P(6000) =

2
P(6001) = —5

If only 5 decimal digits are used, show that there is no loss of significant
digits, if the shifted power series representation of the polynomial is used,
with ¢ = 6000.

Solution 7.

P(x) represents a straight line. Therefore,

P(xz) = a(z — 6000) + b

Therefore,
1
b= —
3
a+b=—0.66666
.oa = —0.99999

14



Therefore,
P(z) = —0.99999(z — 6000) + 0.33333
Substituting 6000 and 6001 in this expression,

P(6000) = 0.33333
P(6001) = —0.66666

Therefore, there is no loss of significant digits, as the values of P(6000) and
P(6001) are the most accurate values possible, using 5 decimal digits.

2.3 Newton’s Form
Definition 11 (Newton’s form of representation of polynomials).
P(z)=ay+ai(z—c1)+--Fa(z—c1)...(z —¢)
The number of multiplications needed to calculate P,(x) is

n(n+1)

yi- et
i=1 2
The number of additions or subtractions needed to calculate P,(x) is

o n(n+1)
Zz—i—nzT—i-n

Therefore, the total number of operations needed to calculate P,(z) is O(n?).

2.4 Nested Newton’s Form
Definition 12 (Nested Newton’s form of representation of polynomials).
Po(z) = ag+ (x — c1) (a1 + (v — c2) (a2 + (2 — e3) (-..)))

The number of multiplications needed to calculate P,(x) is

1=n
1

n

=

The number of additions or subtractions needed to calculate P,(x) is

2=2n

-

-
I
—

Therefore, the total number of operations needed to calculate P,(x) is big-O

of O(n).

15



2.5 Properties of Polynomials
Theorem 2. For a polynomial in shifted power series form,
Bu(x) = Pa(c) + (x = ¢)gn-1(2)
Proof.
P (z)=ay+a(x—c)+ - +a,(xr—c)
=ay+ (x—¢) (a1+a2(x—2)—|—-~+an(x—c)”’l)

=ap+ (f - C)Qn—l(fp)
= P,(c) + (& — ¢)gn-1()

Theorem 3. If ¢ is a root of P,(z), i.e., if
P,(c)=0
then
Puf@) = (2 — )gur (1)
If ¢1 # ¢y are roots of P,(x), then
P,(x) = (x — c1)(x — co)rp_a(x)
Similarly, if P,(x) has n different roots, then
Px)=Alx —c1)...(z — cp)

where A € R.
If P,(x) has n+ 1 different roots, then

Px)=Alx—c1)...(x — cp)(x — cppr)
where A = 0.
Theorem 4. If p(z) and q(z) are polynomials of degree at most n, that satisfy

p(x;) = f(xi)

q(x;) = f(;)
forie€{0,...,n}, then

pn(m) = Qn(x)

This means that there exists a unique polynomial with degree n which passes
through n + 1 points, i.e. n+ 1 points define a unique n degree polynomial.

16



Proof. Let

() = pn(r) = gn()

Therefore, d,(x) is a polynomial of degree at most n, which has n + 1 roots.
Therefore,

Therefore,

Pn(x) = qn(7)

3 Interpolation

Theorem 5 (Weierstrass Approximation Theorem). Let f(z) € Cla,b], i.e.
it is continuous on [a,b]. Let € > 0. Then there exists a polynomial P(x)

defined on [a,b], such that Vx € [a,b],

|[f(x) = P(z)] <e

Definition 13 (Interpolating polynomial). p(x) is said to be the interpolating
polynomial of f(z), if for all sample points z;,

fxi) = plai)
Theorem 6. Let f(z) such that Vi € {0,...,n},

f(x:) = yi

Then, there exists a unique polynomial p(x) of degree at most n, which
interpolates f(z) at all sample points x;.

3.1 Direct Method
Definition 14 (Van der Monde matrix). Let

p(z) = Z a;x’'

17



Let

fzi) =y
Therefore, as

p(zi) = f(z:)
the constraints are

ap + a1xo + - -+ apTo" = Yo

a1+ a1y + -+ aprt =

an+a1xn+"'+anxnn:yn

Therefore,
1 2 n
g Xy ... 2o Qo Yo
2 n
1 1 I ... I ay U1
2 n
1 Ty X9 N i) as | = | Y2
1 2 n
Ty Tp N i (079 Yn
The matrix
1 Zo 3302 ce .fl?()n
1 T1 1'12 ce $1n
V = 1 ) .]}'22 c. QZQn
1z, .2 ... x,"

is called the Van der Monde matrix.

Theorem 7. The Van der Monde matriz is invertible, and hence there exists a
unique matriz of coefficients ag, . . . , a,, and hence the interpolating polynomial
p(z) is unique.

3.2 Lagrange’s Interpolation

Definition 15 (Lagrange polynomials). Let

n

Ly(x) = | H (x — ;)

1=0;i#£k

18



Therefore,

Lk($i>:{0 , Z:#/f

1 5 1=k
Let
Ly(z)
lp(z) =
Therefore,
0 ; i#k
lp(x;) =
«(z:) {1 1=k

The polynomials [;(z) are called Lagrange polynomials.
Theorem 8. Let
pal@) =Y flai)li(x)
i=0
where l;(x) are Lagrange polynomials.
Then, p,(x) is the interpolating polynomial of f(z).

Exercise 8.
Which polynomial of degree 2 interpolates the below data?

Solution 8.

Therefore,
Li(z) = (z — 2)(z — 3)
Ly(z) = (z — 1)(z — 3)
Ls(z) = (v — 1)(z — 2)

19



Therefore,

Li(1) = (1 —2)(1—3)

N —

Ly(2) = (2 —1)(2 = 3)

I | T
| 3
—

Ls(3) = (3-1)(3 -2

Therefore,
Therefore,
_ Li(2)
ll (.T) = Ll(l)
= - 2)(r -3
_ Ls(z)
Ry
=—(x—1)(z—-3)
_ Ls(z)
lg(l') = Lg(l)
= -1 -2)
Therefore,
pa(x) =Y flai)li(z)

_ ;(x S )(a—8) -3 — D)(z—3)+ ;(x )z —2)

Exercise 9.
Given

; dz
k(z) =
) 0/\/1 — (sin 2)?(sin z)?

20



and

k(1) = 1.5709
k(4) = 1.5727
k(6) = 1.5751

approximate k(3.5).

Solution 9.

s
() = =57
Il (2 — @)
1=0;1#£k
Therefore,
(x —4)(x — 6)
"= i)
(v —1)(z—6)
"D G-
(= 1)(x—4)
(@) = 616 -0
Therefore,
 (35-4)(35—06)
1(3:5) = (1—4)(1—6)
= (0.08333
 (35-1)(35—-06)
435 =i =6
= 1.04167
(35-1)(3.5—-4)
l5(3.5) = (6—1)(6—4)
= —0.125
Therefore,

pa(x) = f(w:)li(2)
Spa(3.5) = fz)lk(3.5)
= (1.5709)(0.08333) + (1.5727)(1.04167) + (1.5751)(—0.125)
= 1.57225

21



3.3 Hermite Polynomials

Definition 16. Let the given data be of the form (z;, f(z;), f'(x;)), where
1=0,...,n

Hy, 41 is called the Hermite polynomial of f(z).

For Hs, .1 to be the interpolation polynomial of f(x), the constraints are

H2n+1( ) = f(%)

Hpypy (i) = [ (2)

Therefore, the number of constraints are 2n + 2.
Hence, the polynomial is of degree at most 2n + 1.

Theorem 9. Let

H2n+1 Zf xz ¢nz Zf/(x”L)QOn,z(x)
i=0 =0

Let
0 - it
-{y
1 5 1=y
If the polynomials ¢ and ¢ satisfy
Un,i(x;) = 0y
wnyi/(xj) =0
Spn,i(xj) =0
P (25) = 0

then the polynomial Hay, 1 is the interpolation polynomial of f(x).

3.4 Newton’s Interpolation

Definition 17 (Newton’s polynomial). The polynomial

pu(z) = ZA H( ;)

is called Newton’s polynomial.

22



Theorem 10. If pip(z), constructed based on xi,...,xy is known, then

Pra1(x), based on xy, ..., x5 1 can be constructed as

Pra1(x) = pr(x) + Apa(x — o) ... (x — )
Proof. For1=0,... k,

Prt1(2:) = pr() + A H(% — ;)

7=0
= pe(@;) +0
Fori=k+1,
k
Pt (Tri1) = pr(rsn) + Appr [ (@rg1 — )
7=0
= f(@rs1)

where Ay, 1 can be calculated using pg(zx41) and f(zpy1).
Therefore,

For n =1,
po(r) = Ag
= f(zo)
For n = 2,

= f(wo) — Ai(z — 29)
= f(m
Therefore,
A = f(x;) :i(l’o)
- f[:[g,fbl]
For n = 3,
pa(r) = p1(x) + Az(r — 20) (2 — 21)
= f(z0) + flzo, 21](z — 20)
= f(z0) + flzo, 21](z — ) + Aa(x — 20) (2 — 71)
= f(x2)

23

Vi=0,..., k,

(z; —x;) = 0.
Therefore, if i = 7,
(@i —25) = 0.
Therefore,

H(% —z;)=0



Therefore,

1

o= (22 — o) (22 — 71) (f (@2) = f(xo) — flzo, w1](x2 — m0))
= flzo, x1, 22
and so on.
In general,

Ak = f[]}g,...,Ik]

Definition 18 (Divided difference).

flow, - xk] — flroy - - o Tp—1]
T — Lo

flzo, .- xk] =
flwo] = f(x0)

is called the kth order divided difference of f(x).

Exercise 10.

Given

; dw
k(z) =
) 0/\/1 — (sin 2)?(sin z)?

and
k(1) = 1.5709
k(4) = 1.5727
k(6) = 1.5751

approximate k(3.5).

Solution 10.
For the first order divided differences,

klz:] = k(x;)

24



Therefore,

kK[1] = k(1)
= 1.5709

k4] = k(4)
= 1.5727

k[6] = k(6)
= 1.5751

For the second order divided differences,

k(1] — k]
k | — — .
[, 2] i —
Therefore,
k[1] — k[4]
kLA ===
~1.5727 — 1.5709
B 3
kl4| — k|6
k[4,6] = [i_G[ ]
L5751 — 1.5727
B 2

For the third order divided differences,

kli, ] — k|7, k

Kl 5, 4] — [ jg—k[] ]

Therefore,
k|1,4] — k|4
k[1,4,6] = L4 14,6]
1-6

Hence,

Ay = k[1]

Al = k[1,4]

Ay = k[1,4, 6]

25



This theorem is a
general case of

agrange’s Mea
Value Theoreml

4 Error in Interpolation

Definition 19 (Error in interpolation). The error in interpolation is defined
to be

e(r) = f(x) — pi(2)

Theorem 11.
k

e(x) = flzo, ..., x5, 2] [[(z — z))

i=0
Theorem 12 (Rolle’s Theorem). Let f be continuous on |a,b|, with a con-
tinuous derivative on (a,b), and f(a) = f(b) = 0. Then, Je € (a,b), such
that

file)=0

Theorem 13 (Lagrange’s Mean Value Theorem). Let f be continuous on
la, b], with a continuous derivative on (a,b). Then, 3¢ € (a,b), such that

IR (UL (U

Theorem 14. Let f be continuous on [a,b] with k continuous derivatives on
(a,b). Then, 3¢ € (a,b), such that
f¥(e)

k!
Theorem 15. Let [ be continuous on [a,b] with n continuous derivatives on
(a,b), not necessarily distinct. Then, the interpolation polynomial is

plz) = i)f[xo, i H<x ;)

flzo, ... xx] =

Theorem 16. Let f be continuous on [a,b] with k continuous derivatives on
(a,b), not necessarily distinct.

If

fED(e)

<M
(k+1)!

then, for Ve € [xo,xy],

le()| < |—~7 11

26



4.1 Minimizing the Maximum Error

Theorem 17. The minimum error in interpolation is given by

k

H(ZB — ;)

=0

= o in_ (max |pi (2)])

min max
0<zo<-<zg

Definition 20 (Chebyshev polynomial). The Chebyshev polynomial is de-
fined as

13:,)

T, (z) = cos(n cos™
Theorem 18. If x = cos®,

To(z) =1
Ti(x)==x

Toi1(x) = 22T, (x) — T—1(x)

And hence,
n—1
To(z) = H (z — ;)
i=0
where
<(2i + 1)7r>
r; = cos [ —————
2n

Vie{0,...,n—1}.

27



Part 111
Solutions of Equations

1 Solving Non-linear Equations

1.1 Bisection Method

Algorithm 1 Bisection Method
: Let f be continuous on [a, b], such that f(a)f(b) < 0.
m e i
if f(an)f(m) <0 then

Up41 < Ay

bn+1 —m

Ty < bn+1
else

Apy1 < M

bn+1 — apn

T < Qnyt
. end if

cr < lim r,
n—oo

ol

[t
w

: 7 is a root of the equation f(z) =0

Theorem 19. Let f be continuous on [a,b], such that f(a)f(b) < 0, where
{r,} are generated by the bisection algorithm. Then

lim r, =7r
n—oo

such that f(r) =0, and

lrn — 1| < o

where n € N.

28



1.2 Regula Falsi

Algorithm 2 Regula Falsi Method

: Let f be continuous on [a, b], such that f(a)f(b) < 0.
if f(a,)f(x,) <0 then
bn+1 — Ty
else
Apt1 < Ty
end if
Solve py(x) = f(an) + flan, bn](x — an) for o,
v, « Hn)un—flanbs

~ f(on)—f(an)
r < lim r,
n—oo

2 Newton-Raphson Method

Algorithm 3 Newton-Raphson Method

1: Choose zg € R to be the first approximation of f(x).
f'(zn)

2 Tpy1 < T —

Exercise 11.
Solve

Tr=qaqm
using Newton-Raphson method, and hence find v/2.

Solution 11.

1
Tr=aqm

sz =a
Therefore, let
flz)=2m—a
Therefore, the solution to the equation is the solution to

f(z) =0

29



Therefore,

Therefore,
" — f(@n)
Tl+1 n f/(]jn)
" —a
- mxnmfl

mx,” —z,”" +a

Therefore, if m = 2,

1/ a
$n+1:§ ;4‘1%

Therefore, if a = 2,

1/ 2
Tntl = 5 ;+5L‘n

Therefore, let

o = 2
Therefore,

Tr = 1.5

ro = 1.41666

25 = 1.414215685

2.1 Fixed Point Iterations

Definition 21 (Fixed point). A fixed point of a function g(z) is a point
which satisfies

r = g(v)

30



Theorem 20 (Fixed point theorem). Let g be a continuous function in |a, b|
such that

1. Yz € [a,b], g(x) € [a,b].

2. ¢ (x) exists and Yz € [a,b], |¢'(z)] < 1, or g(x) is Lipschitz, i.e.
l9(x) = g(y)| < klz —yl.

then,
1. 3¢, such that € € [a,b] is a fized point of g(x).

2. Vx € [a,b], the series xp41 = g(z,) converges to &.

2.2 Secant Method

Algorithm 4 Secant Method

1: Choose zg € R to be the first approximation of f(x).
J(@n)

f[l'nflymn]

2 Tpy1 < T —

3 Rate of Convergence

Definition 22 (Rate of convergence). Let the series z,, converge to £. If

2
1. |6n+1| o
n—o0 |€n|p o

where ¢ # 0 € R. Then, p is the rate of convergence. The rate of convergence
is said to be linear if p = 1, and quadratic if p = 2.

3.1 Newton’s Method

Theorem 21. The rate of convergence of Newton’s method is 2.

Proof. Let & be the root of f(£).
Using the Taylor Series,

0=4(¢)
= Fla)+ S @€ = ) + 37 )€ = 5l
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where 1 € [x,,&].

Let f(z) be continuous with a continuous derivative, such that f'(£) # 0.
Therefore f'(x,) # 0, for =, ~ &.

Therefore,

0= f(za) + () €~ ) + 5 ()€ — 2
= f ) = F @) —2) + 2 F ) (E =2+ .

2
_f(xn>_ . }f”(n .

Pl ~ &7 g, €7
(o T _ 1w
RO s) 2f’(:vn)< g

e 1 f” ?7)

T 2 (@) .
o €Ent1 _7f”( )

Tenr 2 f(wmy)
Therefore, assuming f”(£) # 0,

i | = i |
LG
2/(€)
=c
£0

Therefore the rate of convergence of Newton’s Method is 2.

3.2 Fixed Point Iterations

Theorem 22. The rate of convergence of fixed point iterations is 1.
Proof.

£=9(§)
= g(v,) + 9’(77)(5 — )
§—9g(xn) =g ()€ —2,)
§—Tpp=9g' ()€ — )
€n+1 9’(77)671
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’ n+1’ . /
i len] Jim |g (77)’
=9
=c
# 0
Therefore the rate of convergence if 1. ]

3.3 Secant Method
Let

f(z) = p1(x) + error
= f(wn) + flon, 2o a](x — 20) + flTn, Ta1, 2)(2 — 2) (2 — 25-1)

Therefore,

0= f(&)
= f(@n) + flon, Tna](€§ = 20) + flon, Tno1, 2)(§ — 20)(§ — Tp1)

Therefore,
f(xn) - f[xna Tp—1, 5]
_f[xn’ xn—l] - 5 — T, + f[ﬁn, $n—1] (f - xn)(§ - xn—l)
. f(xn) _ _f[xnv Tp-1, 5] . .
SRR e By B
= T = —W(& — 2,)(§ = )
e :_f[xnyxn—lag]e e
.o Cn41 f[l‘n,xn_t,_l] ntn—1
Therefore,
hm |en+1| — f[ga 57 é-] ‘
oo lenHenfl‘ f[gag]
119 ‘
2¢'(€)
=c
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Let ¢ be non zero.
Therefore,

lensa] = clenllen]

Let the rate of convergence be p.
Therefore,

|en] = blen—1]”
For a large n,

|ens1| = blen]”
Therefore,

ent1 = c|blen—1[”||en1]

= bele, 1 [P

Therefore,

lens1] = bblena[?”

= bbP e,y |””

Therefore,

c=10
Therefore,

pPP=p+1

Therefore, the rate of convergence is

1++5
p: 2
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Part IV
Linear Systems and Matrices

Theorem 23. Let A be a n x n matriz. Then, the following statements are
equivalent.

1. For any vector b there is a unique solution for Ax = b.
2. The homogeneous system Ax = 0 has only the trivial solution x = 0.
3. A is invertible.

4. det A # 0.

1 Direct Methods

1.1 Back Substitution

Algorithm 5 Back Substitution
Input: b,«1, upper triangular A,
Output: Az =10
1 x, < abf"
2: for all 0 < k <n do
b= Y. ak;z;

j=k+1
agk

3: T <
4: end for
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1.2 LU Decomposition/Gaussian Elimination

Algorithm 6 LU Decomposition/Gaussian Elimination

Input: invertible A, ..,
Output: lower triangular L,«,, and upper triangular U,«,, such that
LU =A

1: procedure ROWOPERATION((P, i, j))
2: R; <+ Ry — my; R; > R; and R; are the ith and jth rows of P

3: end procedure
40 AW — A
5 b0 «— b
6: fork=1,...,n—1do
7: fortr=k+1,...,ndo
a0
8: Mik = o
9: A%+« ROWOPERATION(A®) i k).

10: end for
11: end for

12: if ¢ > j then

13: Lij — Myj

14: else if 1 = j then
15: Lij 1

16: else

17: Lij +~—0

18: end if

19: U «+ A

Theorem 24. Let the|LU Decomposition/Gaussian Elimination| of A be

A=LU
Then the solution to the matriz equation
Ax =bj
is given by
Ly=1>
where
Ur=y
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Theorem 25. The number of operations required for solving the matrix
equation ApxnTnx1 = bux1 using|LU Decomposition/Gaussian Elimination] is

O (2n?).

3

2 Error Analysis

Definition 23. The norm of the vector is defined to be a function from R™
to R which satisfies all of the following.

1. Ve e R™, ||z]| > 0.

2. ||z]| =0 < z=0.

3. Vo € R, Va € R, |az|| = |af||z|.
4. Vr,y € R, |l +yl <zl + [yl

Definition 24 (Infinity norm). The function max ly;| is defined to be the
<i<n

infinity norm of the vector y.

Definition 25 (L; norm). The function i |y;| is defined to be the L; norm
=1

of the vector y.

Definition 26 (L, norm). The function 3 y;2 is defined to be the Ly norm
\ i=1

of the vector y.

Definition 27 (Matrix norm). A function from R"™ to R, which for every
A, B € R™ and for any « € R, satisfies the following conditions is called the
matrix norm of a matrix A.

1. |4 > 0.

2. A =0 < A=0.

Theorem 26. If || - || is a vector norm on R", then the function
41 = o 142

18 a matrix norm.
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Definition 28 (Induced norm). Let || - || be a vector norm on R™.

function

141} = sup || Az]

llzll=
is called the induced norm.

Definition 29 (Induced infinity norm). The function
[Allc = sup [|Az|lw

‘1’ loo=1

is called the induced infinity norm.

Theorem 27.
Az
sup Az = sup [l Aa] = sup 1221
lzl|=1 lz]I<1 lzl0 |||

Theorem 28.

[A]loo = max Z |as]

1<i<n

where A = (a;5).
Theorem 29.

[A[ly = max Z |as]

1<j<n

The

Theorem 30. Z Z (a;j)? is not an induced norm, for any vector norm.

i=1j=

Definition 30 (Frobinus norm).

JAllr =, ZZ()

is called the Frobinus norm of A.

Theorem 31. The Frobinus norm is a matrix norm.

Definition 31. The spectral radius of a matrix A is defined as

p(A) = max |\

1<i<n

where \; are the eigenvalues of A.
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Theorem 32.
IAllz = /p (ATA)
Theorem 33. For any matriz induced norm
p(4) < A
Theorem 34. For any € > 0, there exists a norm for which

[All < p(A) + ¢

2.1 Error in b

Let x be the ideal solution, and let & be the calculated solution.
e=x—12
Therefore, the ideal system is

Axr =0

and the calculated system is

ATz =0
Therefore,

e=xr—2I
Let

r=b—b

=b—- Ax

be the residue.
Therefore,

Ae = A(x — 2)
= Az — AZ
=b— A2
=r
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Therefore,

e=A"lr
Therefore,
lell = [|A~"r|
< [air
Therefore,
lell [l — |
] ]
Therefore,
[b]] = [ A]]
< || Allf]«]]
1 1
L S Al
] HbH
lell
L S le ||||A||
[E ||b||
IAII A Il
Ly
Il
< ||Af||a- H

0]

Definition 32 (Condition number).
cond(A) = [|A]| |4~

is called the condition number of A.

Theorem 35. For any matriz A,

cond(A4) > 1

2.2 Estimation of cond(A)

Theorem 36. The eigenvalues of A~ ar

of A.

40
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Proof. Let u; be the eigenvectors of A, corresponding to \;.
Therefore,

Therefore

A_lAui = A_l)\iui
o= AT
1
UL U = Ail’U,i

Ai

Therefore, the eigenvalues of A~!, corresponding to u;, are )\i

Theorem 37.

max |\
cond(A) > —

~ min [
(2

where \; are the eigenvalues of A.

Proof.
p(A) = max [A;]
1
Sp (A7) = max
( ) v A
B 1
~ min |\
Therefore,
LA
Ap (A7) =—
p(A)p (A7) min |

b

Therefore, as p(A) > ||A||, and p (A”) > HA*1

cond(A) > p(A)p (A™")

max ||
c.cond(A) > —

~ min |\
7
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Theorem 38. For any non-invertible matriz B,

1Al
cond(A) > ————
A = B

Proof. If B is non-invertible, then Jz # 0, such that
Bx =0
Therefore,

A = Bll[lz]] = [I(A = B)z]|

> || Az
> ||x|1
| A=

Therefore, as x # 0,

]l # 0

Therefore,

1
A =Bl =
A=

Al A = ”A“HA—lBH

1

2.3 Errorin A

Let x be the ideal solution, and let  be the calculated solution.
Let

e = (&ij)

be the error in A.
Let
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Therefore, the ideal system is

Ax =1
and the calculated system is
(A+e)z =0
Therefore,

(A+e)x — Az =0
AT - Az +ex =0

Set=A(x—7)
= Ae
Therefore,
e=A"tex
Therefore
lell = (A~ llell 1
lell ) el
s SANAT
1] 471 IA]
lell ]l
T S CODd(A)i
1]l 1]

2.4 Iterative Improvement

Algorithm 7 Iterative Improvement

: function LUSOLUTION(Az = b)
L,U +[LU DECOMPOSITION /GAUSSIAN ELIMINATION| A)
Solve Ly = b
Solve Uz = y return =

end function

Solve Az =b

W o

fori=1,2,... do
) p— Az
LUSOLUTION(Ae™ = (™)
LUSoLUTION(Ae™ = (™)

: end for

. f(n-ﬁ-l) — %(n) + e(n)

_ = =
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Theorem 39. Consider a fixed point method
flz)=Az—b

where A is a matriz, and x and b are vectors.
If g maps a closed set S C R™ to itself, and g is contracting, i.e. for k <1,

lg(z) = g(w)| < Kllz =yl
then,
1. There exists a fized point £ in S.
2. The fixed point & is unique.

3. All series of the form 9 2W . such that ™) = ¢ (1’(”)) converge
to the fixed point &, i.e.,

lim [|¢ = 2™ =0

n—oo
i.e.,

k
1—k

e = =) < 7= [+ = 2]

< 20 — 50

k™ ‘
1—k
Theorem 40. As the LU decomposition of A needs to be calculated only once,
the algorithm is O (nQ)

3 Gauss-Jacobi Method

Definition 33. A matrix C' is called an approximate inverse to the matrix
A if in some norm,

Il — CA| =k
such that
k<1

Theorem 41. If C is an approzimate inverse to A, then A and C are
invertible matrices.
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Theorem 42. Let D be the matriz containing only the diagonal elements of
A. Then, D' is an approzimate inverse to A.

Definition 34 (Gauss-Jacobi Method). The iterative method
gt = (W 4 pt (b - Ax(”))
is called the Gauss-Jacobi Method.

Theorem 43. The number of operations in the Gauss-Jacobi Method is
0] <n2)
Theorem 44. Let D be the matriz containing only the diagonal elements of
A. Then
_ 1
Dijl = —0i

13

where 4, is the Kronecker delta function.

Algorithm 8 Gauss-Jacobi Method

1: Find lower triangular L, diagonal D, and upper triangular U, such that
A=L+D+U

2: '+ D!

3 By« (I —CA)=-C(L+U) > || By|| is called the contraction
coefficient.

4: dy <+ Cb

5: 2D« Ba™ 4 d

Algorithm 9 Gauss-Seidel Method
1: Find lower triangular L, diagonal D, and upper triangular U, such that
A=L+D+U
C+ (L+D)*!
Bags + ([ — CA) =-CU
dGS «~— Cb
z(D « Be( 4 4
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Part V
Numerical Differentiation and
Integration

1 Rule, Nodes, and Weights

Consider a linear operator L, i.e.,
L(af +bg) = aL(f) + bL(g)

where f and ¢ are two functions.
Let pi be the interpolation polynomial of f(x).
Therefore,

e(r) = f(x) — pi(z)
: L(e) = L(f) — L(px)

For example, for Lagrange interpolation,

Pr(e) = ;) f(@)li(x)

where all [; are Lagrange polynomials with respect to the corresponding x;.
Therefore,

L(pr) = Z:f(%)L(lz)
Therefore,
L(f) ~ ;wif(%)

where f(x;) are called the nodes, w; are called the weights, and the entire
expression is called the rule.

2 Numerical Differentiation

2.1 k=1
pi(z) = f(x0) + flzo, 21](x — 20)
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Therefore,

Do(f) = Da(p1)
o fN(x) &= flxo, 2]

Let

a = T

h = 1 — 2o
Therefore,

f'(a) ~ fla.a+ 1]
_ fath) ~ f(a)
h

Therefore,
1
B = |370)

where 1 € [a,a + h].
This is called the forward difference scheme.

Let

a = T

h = To — I
Therefore,

f'(a) = fla,a — I]

_ Ja)~ fla—h)
h

Therefore,

B0 =[50

where 7 € [a,a + h].
This is called the backward difference scheme.

47



Let a = 5% and h = #5%.

Lo — X1
a =
2
1 — 2o
h =
2
Therefore,

f'(a) = fla — h,a + h]

L Sa=h) ~ fla+ 1)
2h

Therefore,

B = [500)

where 1 € [a,a + h].
This is called the central difference scheme.

22 k=2

po(z) = f(xo) + flxo, x1](x — x0) + flxo, 21, x2]( — x0) (T — 1)

Therefore,
Da(f) = Da(p2)
o (@) = flro, m1] + flxo, 1, o) (@ — 21 + 2 — x0)
Let
a =
Therefore,
f'(a) = fla,z1] + fla, 21, 22)(a — 21)
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2.3 Error Analysis
Let

f(x) = pi(x) + e(x)

k
- pk(ZE) + f[ZE()? vy Ly (L’] H(.T - ‘rl)
=0
Let
k
Ur(z) = [ (2 — =)
i=0

Therefore,

f(ZE) = pk(I) + f[‘TO: sy Ly $]¢k(x)

Therefore,

£ = @)+ o (Tl 2w, al(0)

By definition,
1 [ =1l ]
fleg, ..., ¢k, @ fleo, ..., zp, 2,2
x 0 s Lk 0 y Lk by
['herefore,

f'(x) = pi' (z) + flxo, - - -y wp, x, 2)0(x) + flzo, - - -, 8, ] ()

Therefore,
e(r) = f'(x) — pi'(z)
= flwo, - w2, 2| hr(@) + flzo, . . ., wx, 2]y ()

Therefore,

JE ()
(k+ 1)!

_SEE)

o) = gy e ) + (@)

where £, 1 € [xo, x|
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